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Abstract. Let X be a finite CW complex and let /ii, ^2 : C(X) — > A be two 
unital homomorphisms, where A is a unital C*-algcbra. We study the problem 
when hi and /12 are approximately homotopic. We present a K-theoretical 
necessary and sufficient condition for them to be approximately homotopic 
under the assumption that A is a unital separable simple C*-algcbra of tracial 
rank zero, or A is a unital purely infinite simple C*-algebra. When they are 
approximately homotopic, we also give a bound for the length of the homotopy. 
These results are also extended to the case that h\ and /12 arc approximately 
multiplicative contractive completely positive linear maps. 

Suppose that h : C(X) — » A is a monomorphism and u £ A is a unitary 
(with [u] = {0} in K\{A)). We prove that, for any e > 0, and any compact 
subset T C C(X), there exists 5 > and a finite subset Q C C(X) satisfying 
the following: if u] \\ < S and Bott(h, u) = {0}, then there exists a 

continuous rcctifiablc path {ut : t S [0, 1]} such that 

mo = u, u\ = 1a and || [h{g), ut] \\ < e for all g € T and t 6 [0, 1]. (eO.l) 

Moreover, 

Length({u t }) <2ir + e. (c0.2) 

We show that if dimX < 1, or A is purely infinite simple, then <5 and Q are 
universal (independent of A or h). In the case that dimX = 1, this provides an 
improvement of the so-called the Basic Homotopy Lemma of Brattcli, Elliott, 
Evans and Kishimoto for the case that A is mentioned above. Moreover, we 
show that 8 and Q can not be universal whenever dimX > 2. Nevertheless, we 
also found that <5 can be chosen to be dependent on a measure distribution but 
independent of A and h. The above version of the so-called Basic Homotopy 
is also extended to the case that C(X) is replaced by an AH-algebra. 

We also present some general versions of so-called Super Homotopy Lemma. 
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CHAPTER 1 



Prelude 

1. Introduction 

Let A be a unital C*-algebra and let u G A be a unitary which is in the 
connected component Uq(A) of the unitary group of A containing the identity. 
Then there is a continuous path of unitaries in Uq(A) starting at u and ending at 
1. It is known that the path can be made rectifiable. But, in general, the length 
of the path has no bound. N. C. Phillips ( |41j ) proved that, in any unital purely 
infinite simple C*-algebra A, if u G Uq(A), then the length of the path from u to 
the identity can be chosen to be smaller than tt + e for any e > 0. A more general 
result proved by the author shows that this holds for any unital C*-algebras with 
real rank zero ( [20] ) . 

Let X be a path connected finite CW complex. Fix a point £ G X. Let A be 
a unital C*-algebra. There is a trivial homomorphism ft, : C(A) — > A defined by 
^o(/) = /(£)1a for / e C(X). Suppose that h : C(X) — > A is a unital monomor- 
phism. When can h be homotopic to hg? When h is homotopic to h 0l how long 
could the length of the homotopy be? This is one of the questions that motivates 
this paper. 

Let h\,h,2 '■ C(X) — > A be two unital homomorphisms. A more general ques- 
tion is when h\ and hi are homotopic? When A is commutative, by the Gelfand 
transformation, it is a purely topological homotopy question. We only consider 
noncommutative cases. To the other end of noncommutativity, we only consider 
the case that A is a unital simple C*-algebra. To be possible and useful, we ac- 
tually consider approximate homotopy. So we study the problem when h\ and hi 
are approximately homotopic. For all applications that we know, the length of the 
homotopy is extremely important. So we also ask how long the homotopy is if h\ 
and hi are actually approximately homotopic. 

Let A be a path connected metric space. Fix a point £x ■ Let Yx — X \ £x . 
Let x G X and let L[x, £x) be the infimum of the length of continuous paths from 
x to £x- Define 

L(X,Zx)=su-p{Hx,Zx):xeX}. 
We prove that, for any unital simple C*-algebra of tracial rank zero, or any unital 
purely infinite simple C*-algebra A, if h : C(X) — > A is a unital monomorphism 
with 

[h\c ( Yx) ] = {0} in KL(C (Y X ),A), (el.l) 

then, for any e > and any compact subset J- C C(A), there is a homomorphism 
H : C(X) -> C([0, 1], A) such that 

7To o H w 6 ft, on J 7 , tti o H = ho and 

L^gth({7r f off}) <L(A,60, 

l 
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where h (f) = /(£x)L4 for all / £ C{X) and n t : C([0,1],A) A is the point- 
evaluation at t G [0, 1], and where Length({7r t o H}) is appropriately defined. Note 
that [/k)|c (Yx)] = {0}- Thus the condition (|e l.lj) is necessary. Moreover, the 
estimate of length can not be improved. 

Suppose that h\,h?, : C(X) — > A are two unital homomorphisms. We show 
that /ii and /12 are approximately homotopic if and only if 

[hi] = [h 2 ] in KL(C(X),A), 

under the assumption that A is a unital separable simple C* -algebra of tracial rank 
zero, or A is a unital purely infinite simple C*-algebra. Moreover, we show that 
the length of the homotopy can be bounded by a universal constant. 

Bratelli, Elliott, Evans and Kishimoto ([2]) considered the following homotopy 
question: Let u and v be two unitaries such that u almost commutes with v. Suppose 
that v £ Uo(A). Is there a rectifiable continuous path {v t : t € [0, 1]} with vq = v, 
v\ = \a such that the entire path almost commutes with ul They found that there 
is an additional obstacle to prevent the existence of such path of unitaries. The 
additional obstacle is the Bott element bott(u,v) associated with the pair u and v. 
They proved what they called the Basic Homotopy Lemma: For any e > there 
exists S > satisfying the following: if u, v are two unitaries in a unital separable 
simple C*-algebra with real rank zero and stable rank one, or in a unital separable 
purely infinite simple C*-algebra A, if v G Uq(A) and sp(u) is <5-dense in S 1 except 
possibly for a single gap, 

\\uv — vu\\ < S and botti(u, v) = 0, 

then there exists a rectifiable continuous path of unitaries {vt : t £ [0, 1]} such that 

vq = v, v\ = 1a and \\uvt — Vtu\\ < e 

for all t £ [0, 1]. Moreover, 

Length({vJ) < 4?r + 1. 

Bratteli, Elliott, Evans and Kishimoto were motivated by the study of classifi- 
cation of purely infinite simple C*-algebras. The Basic Homotopy Lemma played 
an important role in their work related to the classification of purely infinite simple 
C*-algebras and that of [9] . The renewed interest of this type of results is at least 
partly motivated by the study of automorphism groups of simple C*-algebras (see 
|18j). It is also important in the study of AF-embedding of crossed products (|39j). 

We now replace the unitary u in the Basic Homotopy Lemma by a monomor- 
phism h : C(X) — > A. We first replace S 1 by a path connected finite CW complex 
X. A bott element botti(/i, v) can be similarly defined. We proved that, with the 
assumption A is a unital simple C*-algebra of real rank zero and stable rank one, 
or A is a unital purely infinite simple C* -algebra the Basic Homotopy Lemma 
holds for any compact metric space with dimension no more than one. Moreover, 
in the case that Kx(A) — {0}, the constant S does not depend on the spectrum of 
h (so that the condition on the spectrum of u in original Homotopy Lemma can 
be removed). The proof is shorter than that of the original Homotopy Lemma of 
Bratteli, Elliott, Evans and Kishimoto. Furthermore, we are able to cut the length 
of homotopy by more than half (see 13.71 and 111.31) . 

For more general compact metric space, the simple bott element has to be 
replaced by a more general map Bott(/i, v). Even with vanishing Bott(/i, v) and 
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with A having tracial rank zero, we show that the same statement is false whenever 
dimX > 2. However, if we allow the constant S not only depends on X and e but 
also depends on a measure distribution, then the similar homotopy result holds 
(see I7.4|) for unital separable simple C*-algebras with tracial rank zero. On the 
other hand, if A is assumed to be purely infinite simple, then there is no such 
measure distribution. Therefore, for purely infinite simple C*-algebras, the Basic 
Homotopy Lemma holds for any compact metric space with shorter lengths. In fact 
our estimates on the lengths is 2tt + e (for the case that A is purely infinite simple 
as well as for the case that A is a unital separable simple C*-algebra with tracial 
rank zero). 

Several other homotopy results are also discussed. In particular, a version of 
Super Homotopy Lemma (of Bratclli, Elliott, Evans and Kishimoto) for finite CW 
complex X is also presented. 

The presentation is organized as follows: 

In section 2, we provide some conventions and a number of facts which will be 
used later. 

In section 3, we present the Basic Homotopy Lemma for X being a compact 
metric space with covering dimension no more than one under the assumption that 
A is a unital simple C*-algebra of real rank zero and stable rank one, or A is a 
unital purely infinite simple C* -algebra. The improvement is made not only on the 
bound of the length but is also made so that the constant S does not depend on 
the spectrum of the homomorphisms. 

In section 4 and section 5, we present some results which are preparations for 
later sections. 

In section 6, 7 and 8, we prove a version of the Basic Homotopy Lemma for 
general compact metric space under the assumption that A is a unital separable 
simple C*-algebra of tracial rank zero. The lengthy proof is due partly to the 
complexity caused by our insistence that the constant S should not be dependent 
on homomorphisms or A but only on a measure distribution. 

In section 9, we show why the constant 8 can not be made universal as in the 
dimension 1 case. A hidden topological obstacle is revealed. We show that the 
original version of the Basic Homotopy Lemma fails whenever X has dimension at 
least two for simple C*-algebras with real rank zero and stable rank one. 

In section 10, we present some familiar results about purely infinite simple 
C*-algebras. 

In section 11, we show that the Basic Homotopy Lemma holds for general 
compact metric spaces under the assumption that A is a unital purely infinite 
simple C*-algebra. 

In section 12, we discuss the length of homotopy. A definition related to Lips- 
chitz functions is given there and some elementary facts are also given. 

In section 13, we show two homomorphisms are approximately homotopic when 
they induce the same KL element under the assumption that A is a unital separable 
simple C*-algebra of tracial rank zero, or A is a unital purely infinite simple C*- 
algebra. We also give an estimate on the bound of the length of the homotopy. 

In section 14, we extend the results in section 13 to the maps which are not 
necessary homomorphisms. 

In section 15, we present a version of the so-called Super Homotopy Lemma for 
unital purely infinite simple C*-algebra A. 
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In section 16, we show that same version of the Super Homotopy Lemma is 
valid for unital separable simple C*-algebra of tracial rank zero. 

In section 17, we show that the Basic Homotopy Lemma in section 8 and 11 is 
valid if we replace C(X) by a unital AH-algebra. 

In section 18, we end this paper with a few concluding remarks. 
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2. Conventions and some facts 

2.1. Let A be a C*-algebra. Using notation introduced by [8], we denote 

K(A) = ®i=o,i( K i( A )(&®n=iKi{A,Z/nZ)). 

Let m > 1 be an integer. Denote by C m a commutative C*-algebra with K (C m ) — 
Z/mZ and K x {C m ) = 0. So K t (A,Z/mZ) = K { (A ® C m ), i = 0, 1. 
A theorem of Dadarlat and Loring ([5]) states that 

Hom A (K{A),K(B)) Si KL(A, B), 

if A satisfies the Universal Coefficient Theorem and B is <r-unital (see [8] for the 
definition of Hom\(K_(A),K_(B))). We will identify these two objects. 
Let m > 1 be an integer. Put 

F m K(A) = ® i=0il (K i (A)^® k]m K i (A,Z/kZ)). 

We will also identify these two objects. 

2.2. Let B n be a sequence of C*-algebras. Denote by l°°({B n }) the product 
of {Bn}, i.e., the C*-algebra of all bounded sequences {a n : a n € B n }. Denote by 
c o{{B n }) the direct sum of {B n }, i.e, the C*-algebra of all sequences {a n : a n £ B n } 
for which lim^oo ||a„|| = 0. Denote by qoo({B n }) = l°°{{B n })/ 'c ({B n }) and by 
q : l°°({B n }) -> qoo({B n }) the quotient map. 

2.3. Let A be a C*-algebra and let B be another C*-algebra. Let e > and 
Q C A be a finite subset. We say that a contractive completely positive linear map 
L : A — > B is (5-£7-multiplicative if 

\\L(ab) - L(a)L(b)\\ <S for all a,beg. 

Denote by P(A) the set of projections and unitaries in 

Moo(i)U [J M^(A®C m ). 

m>l 

We also use L for the map L ® ±&M k ®c m ■ A ® C m ® Mk ->B® C m ® M^, 
/s = 1,2,...,. As in 6.1.1 of [28] . for a fixed p € P(^4), if i is (5-C/-multiplicative 
with sufficiently small 5 and sufficiently large C7, L(p) is close to a projection (with 
the norm of difference is less than 1/2) which will be denote by [£(p)]. Note if two 
projections are both close to L(p) within 1/2, they arc equivalent. 

If L : A — > B is ^-^-multiplicative, then there is a finite subset Q C 'P(A), such 
that [L](x) is well defined for x € Q, where Q is the image of Q in K_{A), which 
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means that ifpi,p2 £ Q and [p{\ — [p 2 ], then [X(pi)] and [L(p2)] defines the same 
element in K(B). Moreover, if pi,p 2 ,Pi ©P2 £ Q, [L(pi ® p 2 )] = + [£(P2)] 

(see 0.6 of [24] and 4.5.1 and 6.1.1 of [28]). This finite subset Q will be denoted 
by Q s ,g. Let 7> C K{A). We say [L]|-p is well defined, if Q s ,g D V. In what follows, 
whenever we write [L]\-p, we mean that [L]\-p is well defined (see also 2.4 of [6] for 
further explanation). 

The following proposition is known and has been implicitly used many times. 

Proposition 2.4. Let A be a separable C* -algebra for which Ki(A) is finitely 
generated (for i = 0, 1 ), and let V C K_{A) be a finite subset. Then, there is 5 > 
and a finite subset Q C A satisfying the following: If B is a unital C* -algebra and if 
L : A — > B is a S -Q -multiplicative contractive completely positive linear map, there 
is an element n S Hom\(K_(A), K_(B)) such that 

[L]\ v = k\ v . (e2.1) 

Moreover, there is a finite subset V a C K_{A) such that, if[L]\'p A is well defined, 
there is a unique k £ Hom\(K^(A), K_(B)) such that (je 2.11) holds. 

PROOF. Since Ki(A) is finitely generated (i = 0, 1), by 2. 11 of [8], 

Hom A (K(A),K(B)) = Hom A (F m K(A), F m K(B)) 

for some m > 1. Thus it is clear that it suffices to show the first part of the 
proposition. Suppose that the first part of the lemma fails. One obtains a finite 
subset V C K_(A), a sequence of cr-unital C*-algebras B n , a sequence of positive 
numbers {d n } with YlnLi < 00, a finite subsets Q n C A with yJ^ =1 Q n is dense 
in A, and a sequence of (5 n -C/ n -multiplicativc contractive completely positive linear 
maps L n : A — * B n such that there exists no k £ Hom\ (K(A) , K(B)) satisfying 

Define $ : A -» l°°{{B n ®JC\) by $(a) = {L n (a)} for a £ A and define $ : A -> 
9oo({S n (g)/C}) by $ = 7ro$, where 7r : Z°°({i3„(Xi/C}) — > ^({Sn^/C}) is the quotient 
map. Thus we obtain an element a £ Hom A {F m K_{A),F m K_(q 00 {{B n ®JC\))) such 
that [<&] = a. Since Ki(A) is finitely generated (i = 0, 1), by 2.11 of [8], there is an 
integer m > 1 such that 

Hom A (K(A),K{ qoo ({B n ® £}))) S Hom A {F m K_(A), F m K( qoo {{B n ® AC})) and 

ffom A ((X(A),^( J B n )) S Hom A (F m K(A),F m K(B n )). 

By applying 7.2 of [31] and the proof of 7.5 of |31j . for all larger n, there is an 
element 

n n £ Hom A {F m K(A),F m K(B n j) 

such that 

[L n ]\v = Hn\v- 

This contradicts the assumption that the first part of the lemma fails. 

□ 

The following is well known and follows immediately from the definition. 

Proposition 2.5. Let A be a unital amenable C* -algebra. For any finite subset 
V C K_(A) , there exists 6 > and a finite subset Q C A satisfying the following: for 
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any pair of S -Q -multiplicative contractive completely positive linear maps L\,L 2 : 
A — > B (for any unital C* -algebra B), 

[Li\\v = [L2]\v 

provided that 

L\ ~s L 2 on Q. 

2.6. Let B be a C*-algebra and C = C([0, 1], B). Define 7r t : C -> B by 
7Tt(/) = f(t) for all f € C. This notation will be used throughout this article. 

The following follows immediately from 12.51 and will be used frequently without 
further notice. 

Proposition 2.7. Let A and B be two unital C* -algebras and let L : A — > B be 

a contractive completely positive linear map. Let Q C P(^4) be a finite subset. Sup- 
pose that, for some small 8 > and a large finite subset Q , L is 5 -Q -multiplicative 
and Q 5t g D Q. Put V = Q in K(A). Suppose that H : A -> C([0,1],B) is a 
contractive completely positive linear map such that ttq o H = L and nt o H is 
S-Q -multiplicative for each t £ [0, 1]. Then, for each t £ [0, 1], 

[%t ° H]\ v = [L]\ v . 

The following follows immediately from 2.1 of 35 . 

Lemma 2.8. Let B be a separable amenable C* -algebra. For any e > and 
any finite subset J-'a C B there exists a finite subset T\ C B and S > satisfy- 
ing the following: Suppose that A is a unital C* -algebra, (f> : B — > A is a unital 
homomorphism and u G A is a unitary such that 

\\{<j)(a),u}\\ < 5 for all o6fi. (e2.2) 

Then there is an e-J-'o ® S -multiplicative contractive completely positive linear map 
ip : B® C(S' 1 ) -»■ A such that 

||0(a) — ip(a)\\ < e and ||^>(a <£> g) — (j){a)g{u)\\ < e (e2.3) 

for all a G J-q and g G S, where S — {1c(s 1 )j z } and z G C(S 1 ) is the standard 
unitary generator of C(S 1 ). 

2.9. Let A be a unital C*-algebra. Denote by U(A) the group of all unitaries 
in A. Denote by U${A) the path connected component of U(A) containing 1^. 

Denote by Aut(A) the group of automorphisms on A. If u G U(A), denote by 
adit the inner automorphism defined by adw(a) = u*au for all a G A. 

Definition 2.10. Let A and B be two unital C*-algebras. Let h : A — > B be a 
homomorphism and v G U(B) such that 

h(g)v = vh{g) for all g G A. 

Thus we obtain a homomorphism h : A® C(S 1 ) — > £? by ® g) — h(f)g(y) for 
f E A and g G C(S' 1 ). The tensor product induces two injective homomorphisms: 

/3 (0) : Xo^^ifi^CtS 1 )) (e2.4) 
/3 (1) : Ki(yl) -» K^A^CiS 1 )). (e2.5) 
The second one is the usual Bott map. Note, in this way, one write Ki(A^>C(S 1 )) = 
Ki(A) © ^-^(Ki^A)). We use /?W : K t (A ® (^(S* 1 )) -> ( S( i - 1 )( J PC i _i(A)) for the 
the projection to /^^(i^-i^)). 
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For each integer k>2, one also obtains the following injective homomorphisms: 
4 i} : Ki(A,Z/kZ)) -> Ki-!(A® C{S 1 ), r Llk r L),i = 0,1. (e2.6) 
Thus we write 

Ki-^A® C(S ,1 ),Z/fcZ) = Ki-i^Z/fcZJe^Cifi^Z/AZ)), i = 0,1. (e2.7) 

Denote by ^ : K t (A <g> C(S r ), Z/feZ) -> Z/fcZ)) similarly to that 

of /3W., i = 1, 2. If je G 2£(A), we use /3(z) for /3«(» if x G 2fj(A) and for (3^\x) 
if a; G Z/fcZ). Thus we have a map /3 : 1£(A.) -> 1£(A C^S* 1 )) as well as 3 : 

^(AtgX^S 1 )) -► /3CK(4))- Thus one may write K_(A®C(S 1 )) = K(A)® /3{K(A)). 

On the other hand h induces homomorphisms : i*Q(A(g) C(S' 1 )), Z/fcZ) — > 
Ki(B,Z/kZ), k = 0,2,..., and i = 0,1. 

We use Bott(/i, u) for all homomorphisms /i.*i,fc ° . We write 

Bott(/i, v) = 0, 

if h*i,k ° Pk^ = ^ f° r all fc > 1 and i = 0,1. 

We will use botti(/i, t>) for the homomorphism Ei,o ° Z?*- 1 -* : -?G.(A) — ► Kq(B), 
and botto(/i, u) for the homomorphism /io,o ° /?' ' : -^o(^) — * K\{B). 

Since A is unital, if botto(/i, w) = 0, then [u] = in Ki(B). 

In what follows, we will use z for the standard generator of C(S 1 ) and we 
will often identify S 1 with the unit circle without further explanation. With this 
identification z is the identity map from the circle to the circle. 

Now let A = C(S' 1 ) and u = h(z). Then bott(u,«) = bottiO, u)([z]). Note 
that, if [v] = in Ki(B), then botto(/i, v) = 0. In this case, Ki{C{S 1 )) is free, thus 
h*i t k = 0, if k > 2. In particular, if [v] = in K\{B) and botti(/i, w) = 0, then 

Bott(fr,u) = 0. 

Suppose that {v n } is a sequence of unitaries in A such that 

lim || h(a)v n — v n h(a) II =0 for all a G A 

n — >oo 

Then we obtain a sequential asymptotic morphism ip n : A (® S 1 —> B such that 
lim \\tp n {a (g) g) - h(a)g(v n )\\ = for all a G A and g G C(5 1 ) 

n — >oo 

(see mg)) . 

Fix a finite subset P C JT(A), for sufficiently large n, as in !2.4l [VVi] 1/3(7?) is well 
defined. We will denote this by 

Bott(h,v n )\ v . 

In other words, for a fixed finite subset V C K_(A), there exists 5 > and a finite 
subset Q C A such that, if u G B is a unitary for which 

\\h(a)v — vh(a)\\ < S for all a G Q, 

then Bott(/i, u)|-p is well defined. In what follows, whenever we write Bott(/i, v)\-p, 
we mean that S is sufficiently small and Q is sufficiently large so it is well defined. 

Now suppose that A is also amenable and -FQ(A) is finitely generated (i = 0, 1). 
For example, A = C(X), where X is a finite CW complex. So, for all sufficiently 
large n, ip n defines an element [ip n ] in KL(A,B) (see 12. 4|) . Therefore, for a fixed 
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finite subset Vo C K_(A), there exists So > and a finite subset Qq <Z A such that, 
if v G B is a unitary for which 

\\h(a)v — vh(a)\\ < So for all a £ Go, 

then Bott(/i, v) |p is well defined. Thus when ^(^4) is finitely generated, Bott(/i, |p 
defines Bott(/i, u) for some sufficiently large finite subset Vo- In what follows such 
Vo may be denoted by Va- Suppose that V C K(A) is a larger finite subset, and 
G D Go and < <5 < S . 

A fact that we be used in this paper is that, Bott(h,v)\p defines the same map 
Bott(h,v) as Bott(h,v)\-p defines, if 

|| h(a)v — vh(a)\\ < 5 for all a e Q. 

In what follows, in the case that Ki(A) is finitely generated, whenever we write 
Bott(/i, v), we always assume that S is smaller than So and Q is larger than Qo so 
that Bott(/i, v) is well-defined. 

2.11. In the case that A = C(S 1 ), there is a concrete way to visualize botti(/i, v). 
It is perhaps helpful to describe it here. The map botti(/i, v) is determined by 
botti(h,v)([z]), where z is, again, the identity map on the unit circle. 

Denote u = h{z) and define 

'l-2t, if < * < 1/2, 
-l + 2i, if 1/2 < t < 1, 



7 (e 2 ™*) = 



/i(e 27rlt ) 



(/(e 2mt ) - /(e M ) 2 ) 1/2 if < t < 1/2, 
0, if 1/2 < t < 1 and 



if < t < 1/2, 
/(e 2 "') 2 ) 1 / 2 , if 1/2 < t < 1, 




These are non-negative continuous functions defined on the unit circle. Suppose 
that uv — vu. Define 

*(«,«)=(, /l V \, , S M + r $ V **) (e2.8) 
\9\ v ) + uh(v) l — j(v) J 

Then e(u, v) is a projection. There is Sq > (independent of unitaries u, v and 
A) such that if || [u, w]|| < So, the spectrum of positive element e(u, v) has a gap at 
1/2. The bott element of u and v is an element in K (A) as defined by in [10] and 

[mis 

botti(u,u) = [xi/2,oo(e(«,u))] - [^q q^]- (e2.9) 

Note that Xi/2,00 i s a continuous function on sp(e(w, u)). Suppose that 
sp(e(u,w)) C (— oo, a] U [1 — a, oo) for some < a < 1/2. Then Xi/2,00 can be 
replaced by any other positive continuous function F such that .F(t) = if t < a 
and F(t) = 1 if t > 1/2. 

2.12. Let X be a finite CW complex and let A be a unital separable stably 
finite C*-algebra. Recall that an element a £ Hom\ ( K(C( X)). K(A)) is said to 
be positive, if 

a(Ko(C(X)) + \{Q}) C K o (A) + \{0}. 
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These positive elements may be denoted by KL(C(X), A)+. 

2.13. Let X be a connected finite CW complex and let £x € X be a base point. 
Put Y X =X\ {ti x }. 

2.14. Let X be a compact metric space with metric dist(— , — ). In what follows, 
we will use 

dist((x, t), {y, a)) = v / dist(a;,y) 2 + |i-s| 2 
for {x,t),(y,s) eX x S 1 . 

2.15. Let A and B be two C*-algebras and <f> : A — ► B be a contractive positive 
linear map. Let £/ C A be a subset and let a > 0. We say that </) is a-^-injective if 

||0(a)|| > a\\a\\ 

for all a E G- 

2.16. Let X be a compact metric space and let A be a unital C* -algebra. 
Suppose that <fi : C(X) — > A is a homomorphism. There is a compact subset 
F C X such that 

ker0 = {/ e C(X) : f\ F = 0}. 
Thus there is a monomorphism /ii : C(F) — > A such that h = h\ o it, where 
7r : C(X) — > C(F) is the quotient map. We say the spectrum of 4> is F. 

2.17. Let C — A®B, where A and B are unital C*-algebras. Let D be another 
unital C*-algebra. Suppose that 4> : C — > D is a homomorphism. Throughout this 
work, by 0|a : A — > Z? we mean the homomorphism defined by = 0(a <8> 1) 
for all a e A. 

2.18. Let Li, Li2 '■ A — > B be two maps, let e > and J c A be a subset. Wc 
write 

Li « e L 2 on T, 

if 

- L2(/)|| <e for all / e T. 

2.19. Let X be a compact metric space, 6 > and C C(X) be a finite subset. 
Define a = ox,&,t to be the largest positive number satisfying the following: 

\f(x)-f(x')\<6 for all f E T, 

provided dist(x,x') < a. 

2.20. Let r be a state on C(X). Denote by \i T the probability Borel measure 
induced by r. 

2.21. Let X be a metric space and let x E X. Suppose that r > 0. We will use 
0(x, r) for 

{y E X : dist(a;,y) < r}. 

2.22. (see 1.2 of [35]) Let X be a compact metric space, let A be a unital 
C*-algebra and let L : C(X) — > A be a contractive completely positive linear 
map. Suppose e > and T is a finite subset of C(X). Denote by S e (L,^ r ) the 
closure of the subset of those points A E X for which there is a non-zero hereditary 
C*-subalgebra B of A satisfying 

||(/(A) - L(f))b\\ < e and ||6(/(A) - L(/))|| < e 

for all / € J 7 and b E B with ||6|| < 1. Note that if e < a, then E e (L, T) C S CT (L, J 7 ). 
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Lemma 2.23. Let X be a compact metric space, let e > 0, a > and let 
T C C(X) be a finite subset of the unit ball. There is S > and a finite subset 
Q C C(X) satisfying the following: For any unital C* -algebra A, any unital 5-Q- 
multiplicative contractive completely positive linear map L : C(X) — > A, if L is also 
l/2-Q-injective, then T, e (L,!F) is a-dense in X. 

Proof. Choose a cr-dense finite subset {xi, x 2l ■ x m } in X. Let r\ = ox^jz.T- 
In particular, 

\f(x) - f{x')\ < e/3 for all / G T (e2.10) 

whenever dist(x, x') < n. Choose non-negative functions g\ , g 2 , g m , g[, g' 2 , ■■■,g' m € 
C(X) such that gi(x) < 1, g t (x) = 1 if x € 0(x l ,n/A) and gi(x) — if x 0(xj,ry/2) 
and g[{x) < 1, c<-(x) = 1 if x S 0(x t ,rj/8) and = if a; € 0(xi,T]/4), 

i = 1, 2, m. Choose <5 < e/4 and 

5 = .Fu {51,52, ■■■,g mi g' 1 ,g' 2 , ■■■,g' m }- 

Now suppose that L : C(X) — > A is <5-C/-multiplicative and l/2-C/-injective. Let 
^ = L{g' j )AL{g' i ), i = 1,2,..., m. Since £ is l/2-£-injective, ^ {0}, i = 
1,2, ...,m. Let 6 = L{g' i )cL{g' i ) for some cei such that ||6|| < 1. Then, by (|e 2.10|) . 

< ||(/(a ! i)-i(/))L(fl,)La?0^)ll+« 

< WLdfixJ-figiM+S + S 

< e/3 + 5 + 5 < 5e/6. (e2.11) 

It follows that 

||(/(K)-i(/))6||<e 
for all & € -Bj, i = 1, 2, to. Similarly, 

||6(/(^)-L(/))||< e 

for ?' = 1,2, ...,m. Therefore Xj G £ e (I/,.F), i = 1,2, ...,m. It follows that £ C (L,.F) 
is cr-dense in X. 

□ 

Lemma 2.24. Le< X be a compact metric space and let d > 0. There is a finite 
subset Q C C(X) satisfying the following: 

For any unital C* -algebra A and a unital homomorphism h : C(X) — > A which 
is 1/2-Q-injective, then spectrum F of h is d-dense in X. 

Proof. Let {x±,X2, ■■■,£«} be a d/2-dense subset of X. Let /j 6 C(X) such 
that < /i < 1, fi(x) = 1 if x € 0(xi,d/4) and = if x £ 0(x l; d/2). Put 

•F = {/l> /2, — j /n}- 

Let 77 = o-x,x/i,F' Let <?i,<^ 6 C(X) be as in the proof of 12.231 i = 2, 
Suppose that h : C{X) — > A is a unital homomorphism which is 1/2-^-injective. 
Let F be the spectrum of h. 

If F were not d-dense, then there is i such that 0(xi,d/2) n F = 0. Then 
/i(x) = for all x £ F. It follows that h(fi) — 0. However, as in the proof of 12.231 
we have 

INI = ||/(a*)&|| = \\(f(xi)-Hf))b\\< 1/2 
for any b £ Bi with ||&|| = 1. A contradiction. 

□ 
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Lemma 2.25. (1) Let X be a connected finite CW complex and let A be a uni- 
tal anti-liminal C* -algebra. Then there exists a unital monomorphism fa ■ C(X) — > 
A and a unital monomorphism fa : C([0, 1]) — > A and a unital monomorphism 
ip : C(X) -> C([0, 1]) such that 

fa = fao^. (e2.12) 

(2) If X is a finite CW complex with k connected components and A is a unital 
C* -algebra with k mutually orthogonal projections P\,P2, ■■■,Pk such that each PiApi 
is anti-liminal, then there is unital monomorphism ipo : C(X) — > A such that 

[fa] = [Voo] in KK(C(X),A), 

where ipoo is a point- evaluation on k points with one point on each component. 

(3) If X is a compact metric space and if A is a unital simple C* -algebra with 
real rank zero, then there is a a unital monomorphism fa : C{X) — > A and a unital 
monomorphism fa : C(ft) — > A and a unital monomorphism if) : C(X) — » C(f2) 
such that 

fa = faoip, (e2.13) 

where f2 is the Cantor set. 

Proof. It is clear that part (2) of the lemma follows from part (1). So we may 
assume that X is connected. It is well known that there is a surjective continuous 
map s : [0,1] — > X. This, in turn, gives a unital monomorphism ip : C(X) — > 
C([0, 1]). It follows from PQ that there is a positive element a £ A such that sp(a) = 
[0,1]. Define fa : C([0,1]) A by fa{f) = f(a) for all / € C([0, 1]). Define 

fa = fa ° i>- 

To see part (3), we note that there is unital monomorphism V>o : C(f2) — > A 
and a unital monomorphism ip : C(X) — > C(Q). Then define fa = tpo o ip. 

□ 

2.26. Two projections p and q in a C*-algebra A are siad to be equivalent if 
there exists w £ A such that w*w — p and ww* = q. 

2.27. Let A be a stably finite C*-algebra. We will use T(A) for the tracial state 
space of A. Denote by Aff(T(A)) the real continuous affine functions on T(A). Let 
t 6 we will also use r for r <g) TV on A ® M n , where Tr is the standard trace 
on M„. 

There is a (positive) homomorphism pa '■ Ko(A) — > Af f(T(A)) defined by 
= t (p) f° r projection p 6 M n (A). Denote by kerpA (or kerp) the kernel of 
the map pa- 

2.28. A unital C*-algebra A is purely infinite and simple, if A ^ C, and for any 
a ^ 0, there are x, y G A such that a;ay = 1. We refer the reader to [4], [43] . [44] 
|41) and [42] , for example, for some related results about purely infinite simple 
C*-algebras used in this paper. 

A unital separable simple C*-algebra A with tracial rank zero has real rank 
zero, stable rank one and weakly unperforated Kq{A). When A has tracial rank 
zero, we write TR{A) = 0. We refer the reader to [2%]. [30]. [27]. [29]. [3]. [47] and 
48 for more information. 

Most of this section will not be used until Chapter 2. 
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3. The Basic Homotopy Lemma for dim(X) < 1 

In what follows, we use B for the class of wnital C* -algebras which are simple 
C* -algebras with real rank zero and stable rank one, or purely infinite simple C* - 
algebras. 

3.1. When X is a connected finite CW complex of covering dimension 1, X x S 1 
is of dimension 2. Then the followings are true. 

1) K (C(X)) = Z, K (C(X x S 1 )) = K (C(X)) ® p 1 (K 1 (C(X))) = Z® 
fa(Ki(C(X))) and ^(CflxS 1 )) = Ki(C(X))®po(K (C(X))) = K X {C{X))®Z. 
In particular, Ki(C(X x S 1 )) is torsion free and kerpc(xxs 1 ) = Pi{Ki{C{X))). 

2) Suppose that h : C(X) — > A is a unital homomorphism and u G A is a 
unitary. Suppose that \\uh(a) ~ h(a)u\\ < 5 for all a G Q, where Q C C(X) is a finite 
subset and 5 > 0. Suppose that botti(/i, it) is well defined and botti(/i, u) = {0} and 
[it] = {0}. Let V C K(C(X x S 1 ). Then, with sufficiently large Q and sufficiently 
small 5. 

[<tl>]\r = [<h]\'P in WxSV), 
where V(/ ® 5) = h(f)g(u) for all / G C(X) and g G ^(S* 1 ) and <j> (a) = a(^) • 1 A 
for all a G C(X x S 1 ), where £, G X x S 1 is a point. 

3) Let y C X x S 1 be a compact subset. It is known and easy to see that 
s*o maps kerpQ^xxS 1 ) onto kerp C (y) (see Lemma 2.2 of [12] ). In particular, if 
h : C(X x S 1 ) — * _B is a homomorphism such that (ft-*o)|kcrp c(XxS i ) = then 
(/ii)*o|kerp c(y) = 0, where hi : C(Y) —> B is & homomorphism defined by h = hios. 

(4) If Y is a compact subset of I x S 1 , then Ki(C(Y)) is also torsion free. 
Let s : C(X x S 1 ) — > C(Y) is the quotient map. Let <f> : C(Y) — > i? be a unital 
homomorphism for some unital C*-algebra _B. Then [</)] G A/" (see 0.4 of |24j ) if 
and only if 

^1 = and <^o(s*(/3iOMC(X))))) = 0. 

Recall that a unital C*-algebra A is said to be A"i-simple, if K\{A) — U(A)/Uq(A) 
and if \p] = [q] in K (A) for two projections p and 9 in A, then there exists w G A 
such that w*w = p and ww* = g. 

Lemma 3.2. Let X be a finite CW complex with torsion free Ki(C(X)) and let 
B be a unital K\-simple C* -algebra of real rank zero. Suppose that A : Ki(C(X)) — > 
Ki(B) is a homomorphism. Then, for any 6 > 0, any finite subset Q G C(X), any 
finite subset V\ C Ki(C(X)) and any finite subset Vq C kevpc(x)j there exists 
8-Q -multiplicative contractive completely positive linear map L : C{X) — » B such 
that 

[L]\ Vl = X\ Vl and [L]\ Vo = 0. 

//, in addition, X has dimension 1, then there is a unital monomorphism h : 
C(X) -> B such that 

hu = 0. 

Proof. If B is a finite dimensional C*-algebra we define L(f) = f(£)lg for all 
/ G C(X), where £, G X is a fixed point. We now assume that B is non-elementary. 
It is also clear that one may reduce the general case to the case that X is connected. 

Write Ki(C(X)) = Z fe for some integer k > 0. Let C be a unital simple AT- 
algebra of real rank zero with K\(C) = Z fe and kerpc = {0}- For the convenience, 
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one may assume that C = U^. 1 (7 n , where 

C n = (5L 1 M r(l) (C(S 1 )) 1 n = 1,2.... 

The construction of such AT-algebra is standard. 

It follows from a result of [19] that there is a unital homomorphism ho : 
C(X) -> C such that 

(/io)*i = id Z fc and ((/io)*o)|kerp c(x) = {0}. (e3.1) 

(see also [25]). For any finite subset Q C C(X), we may assume that h (Q) C C„ for 
n > 1. Nuclearity of C*-algebras involved implies that there is a ^-^-multiplicative 
contractive completely positive linear map L' : C(X) — > C n such that 

\\h (f)-L'(f)\\<S for all Q. 

We may also assume (by choosing a larger n) that Qs,g D Vo U V\ and that 

\L'\\ Vx = id z *\ Vl and [i']| Po ={0}. 

There are non-zero mutually orthogonal projections e,- j <E B ( j = 1, 2, r(i), 
i = l,2,..,fc) such that for fixed fc, {e,- & : z = 1, 2, r(i)} is a set of non-zero 
mutually orthogonal projections. 

Let gi,i = l,2,...,fc be the standard generator Z k and let Zi = X(gi), i = 
1, 2, fc. There is a unitary G e\^Be\^ such that [u, + (1 — ei^)] = Zj, i = 1, 2, .... 
Put p = X)i=i y^j— -i. e i.j- We then obtain a unital monomorphism /i! : C„ — > p_Bp 
such that 

(hi)*i = A 

as a homomorphism from Z fc to Ki(B). Define hoo : C(X) — > (1 — p)A(l — p) by 
hoa(f) = /(£)(! — p) f° r all / € C(^)j where £ G X is a fixed point in X. Define 
L = (hi oL'o ho) © /loo- where £ G X is a fixed point in X. It is clear that so defined 
L meets the requirements. 

By |2.251 there is a unital monomorphism h' 00 : C(X) — > (1— p)B(l— p) such that 
[h' 00 \ = [/i 00 ] in KK(C(X),B). The last statement follows from the fact that C(X) 
is semi-pro jective (by 5.1 of |37j ) and replacing h\ o L' o ho by a homomorphism 
and replacing hoo by /i 00 . 

□ 

Lemma 3.3. Let X be a connected finite CW complex with dimension 1 (with 
a fixed metric), let A G B and let h : C(X) — > A be a monomorphism. Suppose 
that there is a unitary u G A such that 

h(a)u = uh(a) for all a G C(X), [u] = in K X (A) and botti(/i, u) = 0. (e3.2) 

Suppose also that ifj : C(X x S 1 ) — > A defined by ^p{f®g) = h(f)g(u) for f G C(X) 
and g G C(S' 1 ) is a monomorphism. Then, for any e > and any finite subset 
T C C(X), there exists a rectifiable continuous path of unitaries {ut : t G [0, 1]} o/ 
^4 smc/i //ia/ 

Mo = u, ui = 1a and \\[h(a) , u t ]\\ < e (e3.3) 
for all a G T and all t G [0, 1]. Moreover, 

Length({u t }) < it + en (e 3.4) 
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Proof. Let e > and T C C{X) be a finite subset. We may assume that 
lc(X) e T. Let 

f = {/0a:/£f,a = l c(s i),or a = 0}. 

Let o-i = a(X x S 1 ,J 7 ',e/32) fsee l2J9l) . Let <5i > 0, £ C C*(X x S 1 ) and 7> C 
if (C(X x S* 1 )) be required by Theorem 1.12 of [21] associated with XxS\ T 1 , e/16 
(in place of e). Here we also assume that any two i^-Cf-multiplicative contractive 
completely positive linear maps L\,L 2 from C(X xS 1 ), 

[L 1 ]\ P = [L 2 ]\ V , if (e3.5) 

Li ~St L 2 on g (e3.6) 

Without loss of generality, we may assume that Q = Q\ ® S, where Gi is in the 
unit ball of C(X) and S — {lc(s 1 )i z }- We may also assume that <5i < e/2 and that 

Let 77x = (l/2)cr Xx5 i imin{£/ 3 2 ^ l/32} ^. So if dist(x, x') < r) X and if dist(t,t') < 
T)i, then 

\f{x xt)- f(x' xt')\< min{e/32A/32} for all / G Q. (e3.7) 

Let {xi, X2, ■ x m } be <7i/4-dense in X and let {tx, i 2 , £/} divide the unit circle 
into I arcs with the length with 2ir/l < r\\. We may assume that r\\ < ci/4. We 
also assume that tx = 1. In particular, {xj x tj : i — 1,2, ...,m,j = 1,2, ...,{} is 
(7i/2-dense. 

Let gij be nonnegative functions in C(X x S 1 ) with < grij < 1 such that 
9i,j(0 = 1 if dist(^,x l x tj) < rji/ As and gi,j(£) = if dist(£,Xi x tj) > r/x/2s. 
Since A is a unital simple C*-algebra with real rank zero and ip is injective, there 
are non-zero, mutually orthogonal and mutually equivalent projections E^j , E[ j £ 
ip(gij)Aip(gij)) for each i and j. Since A is simple and has real rank zero, then (by 
repeated application of (1) of Lemma 3.5.6 of |28J, for example) there is a non-zero 
projection Eq < Ex.x such that 

[E ]<[E itj ], i = l,2,...,m and j = l,2,...,l. (e3.8) 

Put 

*(/) = E x + + for a11 / e c ( x x 5l )> ( e3J ) 

where 

- (1 - E(^J + - E(^J + ^)) and (e3.10) 

= x + E lt i -E )+ E ^ x + + 

(m)#(M) 

+0(/) (e3.11) 

for / e C(X x S 1 ). Thus, by the choice of ax, 

UU) - *(/)|| < e/32 for all /eg. (e3.12) 

By the choice of 771, one sees that <f> is Ji-^-multiplicative. So $1 is (5i-C?-multiplicative 
Moreover, (<&i,.F) is ci/2-dense, since {(x, x t,) : i, j} is cri/2-dense. There are 
two non-zero mutually orthogonal projections e\, e% € EqAEq such that ei + e 2 = 
i?o- Since both e\Ae\ and e 2 Ae 2 are simple C*-algebras in B, and X is a connected 
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finite CW complex, it is easy to construct unital monomorphisms hi : C(X) — > 
eiAei and h 2 : C(X) — > e 2 Ae 2 such that 

= h*i and (/i2)*i + h*i = {0} (e3.13) 

(by 13. 2j) . It follows from Cor 1.14 of [24] that there are mutually orthogonal 
projections {pi,p 2 , ■ ■■iPif} C EqAEq and points {j/i> J/2) •••,3/jf} C X such that 
Si=i Pi = and 

if 

ll(/ii(/) + /i2(/))-^/(2/fe)p fc || <e/32 for all /eft. (e3.14) 
fc=i 

Define Vi(/®s) = hx{f)g{l)ex and = h 2 (f)g(l)e 2 for all / e <7(X) 

and 3 e C^S 1 ). Define Vo : C"(X xS 1 )^ E AE by 

if 

^(/®ff)=X)/(»fc)fl(l)P* (e3.15) 
fc=i 

for all / € C(X) and 3 e C(S' 1 ). By replacing e/32 by e/16, in (|e3.14|) . we may 
assume that {yi, y 2 , ■ ?/if } C {a;i, #2, xk'} with if' < m. Keep this in mind, 
since pk < e 2 , by (|e 3.8p . we obtain a unitary w\ <E A such that 

ad™ x o(^ (/) + *i (/))=*(/) (e3.16) 

for all / e C(X x S 1 ). It follows that (by (|e3.l4|) 

adwi o ((ip! © ^ 2 ) + *i) « e /i6 * on Q (e3.17) 

and fbv le3.12p ) 

adwio((^i®^ 2 ) + *i)« 3e /32 V> on ft (e3.18) 

It follows from (|e 3.13P and the condition that botti(/j, u) = and [it] = that 

[adwi o (^ 2 ffi $i)]|p = [$oo]|p, (e3.19) 

where $ o = /(£x x ~ ei) for all / e C(X x S 1 ). We also check that adiui o 
(V , 2© < i ) i) is <5i- ft multiplicative and £5 1 (wio(i/j 2 © < I>i), J 7 ') is cri/2-dense. It follows 
from Theorem 1.12 of [24j that there is a homomorphism $o : C(X x S 1 ) — > 
(1 — ei)A(l — ei) with finite dimensional range such that 

adwi o (-02 © $i) « e /i6 $o on J"'. (e3.20) 

In the finite dimensional commutative C*-subalgebra <&o(C(X x there is a 
continuous rectifiable path {i/ t : t 6 [0, 1]} of (1 — e)j4(l — e) such that 

r7 = *o(l®«),^i = l-<eiitfi and $ (J ® l)U t = U t $o(j ® 1) (e3.21) 

for all i € [0, 1] and / e C(JC). Moreover 

Length({[/ t }) < 7T. (e3.22) 
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Define v t = wlawi © U t for t € [0, 1]. Then, (note that tpi(l <g> z) = ei) by (|e 3.20j) 
and (|e3.18|) . 

||u -u|| = \\wleiw-i © $ (1 <S> z) - u|| 

< imeiwi © [$ (1 ® z) - ^(-02 © $i)(l ® z)wi]|| 
+ ||w^eiwi ®wl(ip 2 © $i)(l <E) z)wi - u|| 

< e/16 + ||adi<;*((V>i © ip 2 ){l O z) © $i(l <8 - <8> z)\\ 

< e/16 + 3e/32 = e/8. (e3.23) 
We estimate that, by (|e3.18|) and (|e3.20p and (|e 3.21|) . 

||[fc(/),«t]|| < 6e/32+||[ad«;io((V»i+^)+*i)(/®l),Wt]|| (e3.24) 
< ae/ie + e/S+Htadioio^ + ^o)^®!),^]!! (e3.25) 
= 5e/16 (e3.26) 

for all / e T. Combing this with (|e 3.23)1 . we obtain a continuous rectifiable path 
of unitaries {u t : t E [0, 1]} of A such that 

u = u, ui = I a and || [h(a), u t ] \\ < e for all a e JF (e3.27) 

and alH € [0,1]. Moreover, 

Length({u t }) <ir + eir. (e 3.28) 

□ 

Lemma 3.4. Let X\ be a connected finite CW complex with dimension 1. Let 
e > and T\ C C(Xi) be a finite subset. There is a > satisfying the following: 
Suppose that A G B is an infinite dimensional unital C* -algebra, suppose that 
hi : C'(Xi) —i- A is a homomorphism and suppose that u £ A is a unitary with 
[u] = {0} in K\(A) such that 

h\{a)u = uhi(a) for all a € C{X\) and botti(/ii, u) = {0}, (e3.29) 

and suppose that X is a subset of X\ which is a finite CW complex and the spectrum 
of hi is Y C X which is a-dense in X. Then there exists a unital monomorphism 
h : C(X x S 1 ) — ► A and a rectifiable continuous path of unitaries {ut '■ t G [0, 1]} 
such that 

uq = u, u\ = h(l ® z), || [hi (a), Ut]\\ < e and (e3.30) 

\\h(s(a) 1)- hi(a)\\ < e for all a € J 7 !, (e3.31) 
where s : C{X{) — > C(X) is defined by s(f) — f\x- Moreover 

Length({u t }) < ir + err (e 3.32) 

Proof. There is a homomorphism h : C(X) — > A such that h — hi o s, where 
s : C(Xi) — > C(X) is the quotient map. Put T = s(F) and 

■T 7 ' = {/ ® 9 '■ f S T and g — 1, or g = z}. 

Define : CiXxS 1 ) -» A by ^(/®g) = h(f)g(u) for / e C(X) and .9 e C(S' 1 ). 
By (|F3~29|), [V]|ke rPc(XxSl) ={0}. 

Large part of the argument is the same as that used in 13.31 So we will keep 
the notation there and keep all the proof from the beginning of that proof to the 
equation (|c 3.7p . Moreover, we will refer to Theorem 2.5 of |24j instead of Lemma 
1.12 of [24] and 5i, Q and V are now stated in Theorem 2.5 of [24] (for X x S 1 ). 
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Note that we still assume that T C Gi- Note that we have Qsi.g C V . It should be 
noted (see 1.7 of [24j) that 

< J X 1 xS 1 , Fi,e/32 < < T XxS 1 ,f,e/32 = °1 • 

Put a = o'x 1 xs 1 ,3 r 1 ,e/32/ / L- Let Y be c-dense in X. We assume that {x\, x 2 , 2: m } C 
y is cr -dense in X. 

Without loss of generality, we may still assume, for each i, that there is j 
such that ip(gi t j) ^ 0. We may replace {t x , t 2 , U} by {fyj.) , *i( 2 ) , -*i(fc(i))} with 
ij(i) = !• We assume that {a^ x : j = 1,2,..., « = 1, 2, m} is a -dense in 
Y. We now replace gij by <^i, E%j by £^i and £^ by E' iA . Accordingly, (|e3.8[) . 
(|e 3.9|) . (|e 3.10|) . (je 3. 1 1|) and (|e 3. 12|) hold where we replace all j by 1, ti by tui) and 
by tim — 1, respectively. 

Now, instead of taking two projections in E AE , we choose e\ = E . We also 
introduce another homomorphism F 3 as follows. By |2.251 there are monomorphisms 
Fx : C(X x S 1 ) -> C(D) and F 2 : C(D) -> eiAei, where D is a finite union of 
closed intervals. Put F$ = F 2 o Fx- It follows from Cor. 1.14 of [24] that there is a 
unital homomorphism ipo : C{X x S* 1 ) — > exAex with finite dimensional range such 
that 

\\F 3 (f) - Mf)\\ <min{e/32,V32} (e3.33) 

for all f € Q. Without loss of generality, by changing e/32 to 2e/32 = e/16, we may 
assume that 

Ml® 9) =^f{nsi)g{tj)pi d (e3.34) 

for all / G C'(X) and g E C(S 1 ) and {pi.j} is a set of finitely many mutually 
orthogonal projections in eiAei with ^ pjj = e±. Define another homomorphism 
ipoa '■ C(X xS 1 )^ eiAei such that 

m 

lM/<8> 5) =£/(a?0fl(l)ft (e3.35) 
i=i 

for all / € C(X) and 5 G C^S" 1 ), where <?i = * = 1j 2, ...,m. Working in the 

finite dimensional commutative C*-subalgebra -0o(C(AT ® S 11 )), it is easy to obtain 
a continuous rectifiable path of unitaries {vt : t £ [0, 1]} of eiAei such that 

v =ip 00 (l® z), Vi = ip (l ® z) and v t ipoo(f) = ipoo(f)vt (e3.36) 

for all / G C(X x S 1 ) trndtE [0, 1]. Moreover, 

Length({w t }) < tt. (e3.37) 

Since qt < ex — Eq, the same argument in the proof of 13.31 provides a unitary 
w\ G A such that 

adwio^oo) + $ x )(/) = $(/) (e3.38) 
for all / G C(X x It follows, as in the proof of 1531 that 

ad Wl o (^ 00 + $i)(/) « e/16 </,(/) on / G (e3.39) 
Put V t = w*x[v t © $i(l ® z)]wx for f G [0, 1]. Then by (|e3.36p and (|e3.39|) . 

||[V t ,tf(/®l)]|| <e/8 (e3.40) 
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for all / G T. We have, by (le"3~39)l . 

||Vb -«|| = K(«oe#i(l(8«))ti;i-^(l®«)|| <e/8 (e3.41) 

Note that 

[adwi o (-0 O o) + $i]|p = W\\v- 

Since i/'oo nas finite dimensional range and Mlkerpocx) = by applying Theorem 
2.5 of 24 j, one obtains a homomorphism <J> : C(X x S* 1 ) — ► (1 — £J )vl(l — ^o) 
such that 

$i w e /i6 $o on JF'. (e3.42) 

Now define /j : C*(X x S 1 ) -► A by 

h(f) = ad Wl o(F 3 ffi$ )(/) for all / e C(X x S 11 ). (e3.43) 

By (|e 3.42P and t|e3.39|) . we have 

\\h(f® 1) - < e/8 for all /ef. (e3.44) 

We estimate that, by (|e 3.33ft and (|e 3.42ft . 

HVi = |K(V> (1<8> ^) 0$ 1 (l®z))u; 1 -/i(l®z)|| (e3.45) 

< e/32 + e/16 (e3.46) 

Note that u = £g> z). By connecting Vi with /i(l ® and Vo to u appropriately, 
we obtain a continuous rectifiable path of unitaries {ut ■ t G [0, 1]} such that 

u = u, ui = h(l <g> z) and ||[u t , ft(/)]|| < e (e3.47) 

for all / G J 7 and t S [0,1]. Moreover, 

Length({u t }) < tt + en (e 3.48) 

Since is a monomorphism, we conclude that h is also a monomorphism. 

□ 

Remark 3.5. In the statement of 13.41 define h-2 : C(X\) — > ^4 by = 
h(s(f) ® 1) for all / G C(Xi). Note that, if e is small enough and T is large 
enough, then botti(/i2, «i) = botti(/i,w) = (see 12.7ft . Since X has dimension 
1, s*x{Kx{C{Xx))) = K_x{C{X)). This implies that bottx{h' 2 ,ux) = 0, where h' 2 : 
C(X) -> A by ^(/) = ® 1) for / G 

It should be noted that in the statement of l3.3l and l3.41 the length of {ut} can 
be controlled by n + e. 

Lemma 3.6. Let X be a connected finite CW complex with dimension 1. Then, 
for any e > and any finite subset T C C(X), there is a > satisfying the 
following: Suppose that A G B is not finite dimensional and that h : C(X) — > A is 
a unital homomorphism whose spectrum is a-dense in X and suppose that there is 
a unitary u G A with [u] = {0} in Kx(A) such that 

h(a)u — uh(a) for all a 6 C(X) and botti(/i,u) = 0. (e3.49) 

Then, there exists a rectifiable continuous path of unitaries {ut : t G [0, 1]} of A 
such that 

uq = u, Ux = Ia and \\[h(a) , u t ]\\ < e (e3.50) 
for all a G T and all t G [0, 1]. Moreover, 

Length({u t }) <2n + en. (e 3.51) 



3. THE BASIC HOMOTOPY LEMMA FOR DIM(X) < 1 



19 



Proof. Let e > and T c C(X) be a finite subset. We may assume that T is 
in the unit ball of C(X). Let V C Ki{C{X)) be a finite subset containing a set of 
generators. Let ei > and T\ C C(X) be a finite subset so that ||[/i'(o),tu]|| < e-y 
for all a *E J- 1 implies that botti(/i, w) is well defined for any unital homomorphism 
h' : C(X) — > A and any unitary w £ A. We may assume that t\ < e and T <Z T\. 

Let tr be in 13.41 corresponding to ei/4 and T\. There is a subset Y C X which 
is a finite CW complex so that the spectrum of h is c-dense in Y. Then it is clear 
that the lemma follows from 13.31 and 13.41 (see also 13. 5|) . 

□ 

Theorem 3.7. Let X be a finite CW complex with dimension 1. Then, for any 
e > and any finite subset T C C{X), there exists 5 > 0, a finite subset Q C C'(X) 
and a > satisfying the following: 

Suppose that A € B, suppose that h : C(X) — > A is a unital homomorphism 
whose spectrum is a-dense in X and suppose that there is a unitary u € A such 
that 

\\[h(a),u]\\ < S for all a£Q, botto(/i, u) = and botti(/i, u) = 0. (e3.52) 

Then there exists a rectifable continuous path of unitaries {ut : t 6 [0, 1]} of A 
such that 

uq = u, u\ = 1a and \\[h(a),u t ]\\ < e (e3.53) 
for all a £ T and all t 6 [0, 1]. Moreover, 

Length({w t }) < 2tt + e. (e 3.54) 

Proof. We assume that A is not finite dimensional. So A is not elementary. 
The case that A is finite dimensional will be dealt next in !3. 101 By considering each 
connected component of X, since we have assume that botto(/i,w) = 0, one easily 
reduces the general case to the case that X is connected (see also the beginning of 
the proof of 17. 4j) . So for the rest of this proof we assume that X is connected and 
[u] = in Ki(A). Fix e > and a finite subset T C CiX). We may assume that 
1 £ J. Let T' = {/ (8 g : / € J 7 and g = 1, or g — z). Let n\ > (in place of rf) 
be in 13.61 corresponding to e/2 and T . Put 77 = min{?7i/2, e/2}. 

Let Sx > 0, Gi C C(Z x S 1 ) and V C i£(C*(X x S* 1 )) be a finite subset 
required by Theorem 2.5 of [24 corresponding to n/2 and ^ ?/ . We may assume 
that V contains a set of generators of 0x(K\(C(X))) and Si < r/. We may assume 
that Si is sufficiently small and Q2 is sufficiently large so that for any two 81-Q2- 
multiplicative contractive completely positive linear maps Li : C(X x S 1 ) — > B (for 
any unital C*-algebra), [I<i]|p is well-defined and 

[L 1 ]\ V = [L 2 ]\ V , (e3.55) 

provided that 

||ii(/)-i 2 (/)|| <Si for all feGi. 

Moreover, by choosing even smaller Si, we may assume that Gi = G' <8> S, where 
G'CC(X) andS={l c(sl)) z}. 

Let S > and G C C(X) (in place of Ti) be a finite subset required in 12.81 for 
Si (in place of e) and G' (in place of T). 

Now suppose that h and u satisfy the conditions in the theorem for the above 8 
and G- Let (f> : C(X x S 1 ) -* A be defined by <p(f ® g) = h(f)g(u) for all / e C{X) 
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and g G C(S 1 ). The condition that botti(/i, u) = 0, implies that 

[ip]\ v =a(V) (e3.56) 

for some a G Mk (see 2.1 of [24 ). Bv l2.8l and Theorem 2.5 of [24j . there is a unital 
homomorphism H : C(X x S 1 ) — > A such that 

\\H{f ®g)- ip(f ® g)|| < 771/2 for all / G & and 3 = 1, or g = z. (e3.57) 

Put hi(f) = H(f <g> 1) (for / G C(X) and u = # (1 <g> z). Then 

[hi,!*] = 0, botti(/ii,u) = and [u] = in i^i(A). 

Thus 13.61 applies to h\ and w (with e/2). By (|e 3.57|i . 

^1 ~?7i/2 on ^i. (e3.58) 

The lemma follows. 

□ 

We actually prove the following: 

Corollary 3.8. Let X\ be a finite CW complex with dimension 1. Then, for 
any e > and any finite subset J- C C(X), there exists 6 > 0, a finite subset 
Q C C(X) and a > satisfying the following: 

Suppose X is a finite CW complex which is also a compact subset of a finite 
CW complex X C X%, suppose that igB, suppose that h : C(X) -— > A is a unital 
homomorphism whose spectrum is a-dense in X and suppose that there is a unitary 
u G A such that 

|| [h(a), u]\\ < S for all aEQ, botto (h, u) = and botti(/i, u) = 0. (e3.59) 

Then there exists a rectifiable continuous path of unitaries {ut : t G [0, 1]} of A 
such that 

Uq = u, ui = 1a and \\[h(a),u t ]\\ < e (e3.60) 
for all a € J- and all t G [0, 1]. Moreover, 

Length({it t }) < 2tt + e. (e 3.61) 

Corollary 3.9. Let X be a finite CW complex with dimension 1. Then, for 
any e > and any finite subset T C C(X), there exists 6 > and a finite subset 
Q C C(X) satisfying the following: 

Suppose that A G B, suppose that h : C(X) — > A is a unital monomorphism 
and suppose that there is a unitary u G A such that 

|| [h(a), u]\\ < S for all aEQ, botto (/i, it) = omd botti (h, u) = 0. (e3.62) 

Then there exists a rectifiable continuous path of unitaries {u t : t G [0, 1]} of A 
such that 

Uq=u, lii = 1a and \\[h(a),u t ]\\ < e (e3.63) 

for all a € J- and all t G [0, 1]. Moreover, 

Length({ti t }) < 2tt + e. (e 3.64) 

The following lemma, in particular, deals with the case that C*-algebras are 
finite dimensional. The other reason to include the following is that, in the case 
that Ki(A) = 0, the bound for the length can be made shortest possible. 
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Theorem 3.10. Let X be a finite CW complex of dimension 1. Then, for 
any e > and any finite subset T C C(X), there exists 8 > and a finite subset 
G C C{X) satisfying the following: 

Let A G B with K±(A) = {0}, let h : C(X) — > A be a unital homomorphism 
and let u G A be a unitary such that 

\\[h(g),u]\\ < S for all f G Q and botti(/i, u) = 0. 

Then there exists a continuous rectifiable path of unitaries {u t : t G [0, 1]} such that 

uq = u, u\ = 1a and || [/»(/), Ut] \\ < e for all f G T. 

Moreover, 

Length({w t }) < 7r + e. 

Proof. Let e > and T C C{X) be a finite subset. Let Vq C K (C(X x S 1 )) 
be a finite subset which contains a set of generators of kevpc(xxs 1 )- There exists 
S > and a finite subset Go C C(X x S 1 ) such that for any two unital 5q-Go~ 
multiplicative contractive completely positive linear maps L\, L 2 : C(X x S ) — > A 
with 

||Li(/)-i 2 (/)|| <5 for all f E Go, 

one has 

Without loss of generality, we may assume that Go = Qi ® S'i where <?i C C(X) is 
a finite subset and £> = {lc^s 1 ); z }- Put £ i = min{e/4. <5o/2} and .Fi = T U 

Let (5i >0,feC C(X) and "Pi C K(C(X x S 1 )) be finite subsets required in 
2.5 of 24\ corresponding to t\ and T\. Let a G KK(C(X x S* 1 ), A) such that 

a l kcr p C( xx S i) = W and "(ficcx)]) = [M- 

(Note that keip C (xxS 1 ) = /3i(^i(C(^)))-) Without loss of generality, we may 
assume that G2 = G ® S, where G C C(X) is a finite subset. Put V = V\ U 7V We 
may also assume that Gi C <? 2 and <5i < <5o/2. 

Define V : C(X x S 1 ) -> A by ip(f <g) g) = h{f)g{u) for all / G C(X) and 
g G C(5 1 ). Then, to simplify the notation, by applving l2.8l we may assume that if 
is a <5i-t/i-multiplicative contractive completely positive linear map. The condition 
that Ki(A) — {0} and botti(/i, u) — implies that 

[V>]|p = a|-p. 

It follows from 2.5 of |24j that there exists a unital homomorphism Hq : C(X x 
S 1 ) — > A such that 

\\h(f)g(u) - H (f ® g)\\ < e 1 for all / G T x (e3.65) 

and g £ S. Let Y be the spectrum of H . Then Y is a compact subset of 1 x S 1 . 
By (3) and (4) of l3.ll the choice of So and Go an d the condition that Ki(A) = {0}, 
we have 

[H ] G Af (e3.66) 

It follows from 1.14 of [24j that there is a unital homomorphism H : C(Y) — > A 
with finite finite dimensional range such that 



\\n (f®9)-H(f®g)\\ <e/4 for all / G ^ 



(e3.67) 
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and g = 1 or g = z. In the finite dimensional commutative C*-subalgebra 
H(C(X x S 1 )), we find a continuous path of unitaries {vt : t G [0, 1]} such that 

v = H(l ® z), vi = 1 and Length({u t }) < tt. (e3.68) 

The lemma then follows easily. 

□ 

Corollary 3.11. Let e > 0. There is 8 > satisfying the following: 
For any two unitaries u and v in a unital C* -algebra A G B with K\{A) = {0} 
and if 

\\[u, v]\\ < 6 and bott\{u,v) = 0, 
then there exists a continuous path of unitaries {ut : t G [0, 1]} of A such that 
uq = u, ui = 1 and \\[u t , v]\\ < e. 

Moreover, 

Length({u t }) < 7r + e. 

Theorem 3.12. Let X be a compact metric space with dimension no more than 
1. Then, for any e > and any finite subset J- C C{X), there exists 5 > 0, a > 0, 
a finite subset Q C C{X) and a finite subset Vq C Kq(C'(X)) and V\ C Ki(C(X)) 
satisfying the following: 

Suppose that A is a unital simple C* -algebra in B, suppose that h : C{X) — > A 
is a unital homomorphism whose spectrum is a-dense in X and suppose that there 
is a unitary u G A such that 

|| [h(a), u]\\ < 6 for all a<EQ, botto(/i, u)\j> = and botti(/i, u)\-Pi — 0. (e3.69) 

Then there exists a rectifiable continuous path of unitaries {ut : i £ [0, 1]} of A 
such that 

uq = u, ui = 1a and \\[h(a) , u t ]\\ < e (e3.70) 

for all a € T and all t € [0, 1]. Moreover, 

Length({w t }) < 2tt + en (e 3.71) 

Proof. There is (by [40) ) a sequence of one-dimensional finite CW complex 
X n such that C(X) = \im n ^ 00 {C{X n ),<j) n ). For any e > and any finite subset 
T C C(X), there is an integer N and a finite subset T\ C C{Xn) such that for 
any / G T, there exists gf G T\ such that 

\\f - <p N (g f )\\ < e/4 (e3.72) 

Replacing h by h o cj> Nj we see the theorem is reduced to the case that X is a 
compact subset of a finite CW complex. 

Now we assume that X is a compact subset of a finite CW complex. Then, 
there is a sequence of finite CW complexes X n D X such that n^^Xn = X. In 
particular, 

lim dist(X,X n ) = 0. 

n — >oo 

Then the theorem follows from 13.81 

□ 
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Remark 3.13. When C*-algebra A is in B, both Theorem 13.71 and Theorem 
13.121 improve the Basic Homotopy Lemma of [2] . 

(1) The Basic Homotopy Lemma in [2] deals with the case that X = S 1 . 
Theorem 13.71 allows more general spaces X which is a general one-dimensional 
finite CW complex and may not be embedded into the R 2 . Furthermore, Theorem 
13.121 allows any compact metric space with dimension no more than 1 . It should 
be noted that spaces such as Hawaii ear ring which is one dimensional but is not a 
compact subset of any one-dimensional finite CW complex. 

(2) The constant S in Theorem 13. 101 only depends on X, e and T . It does not 
depend on the spectrum of h which is a compact subset of X. In other words, 
6 is independent of the choices of compact subsets of X. This case is a significant 
improvement since in the Basic Homotopy Lemma of [2] the spectrum of the unitary 
u is assumed to be <5-dense in S 1 with a possible gap. It should also be noted that 
if we do not care about the independence of S on the subsets of X the proofs of 
this section could be further simplified. 

(3) In both Theorem 13.121 and Theorem 13. 7i the length of the path {u t : t € 
[0, 1]} is reduced to 2ir + e. This is a less than half of 5tt + 1 required by the Basic 
Homotopy Lemma of [2]. The Lemma [3.101 shows that, at least for the case that 
Ki(A) — {0} such as A is a simple AF-algebra, the length of the path can be 
further reduced to tt + e which is the best possible bound. However, at this point, 
we do not known that the bound 27r + e can be further reduced in general. 

(5) As indicated in [2], the path to the proof of Basic Homotopy Lemma in [2] 
is long. Here we present a shorter route. The idea to establish something like 13.31 
and then 13.41 is taken from our earlier result in [36j (see also Lemma 2.3 of [22 ). 
However, the execution of this idea in this section relies heavily on the results in 
|24) . When the dimension of X becomes more than one, things become much more 
complicated and some of them may not have been foreseen as we will see in the 
next few sections. 
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The Basic Homotopy Lemma for higher 
dimensional spaces 

4. if-theory and traces 

Lemma 4.1. Let C be a unital amenable C* -algebra and let A be a unital C* - 
algebra. Let <f> '■ C ® C(S 1 ) — > A be a unital homomorphism and let u = (f>(l ® z). 

Suppose that : C ® C(S 1 ) A is another homomorphism and v = ^(1 ® 2) 
swc/i i/iat 

[^|c] = [V>|c] in KL(C,A), and Bott(0| c , u) = Bottle, t>). 

TTien 

[</»] = [V>] in KL(C® CiS 1 )^). 

In particular, 

Bott(0| c ,u) = (e4.1) 

z/ and onfo/ i/ 

[V>o] = M tn KLiC^CiS 1 )^) (e4.2) 

w/iere Vo(a ® /(*)) = ^>(a)/(U) /or all f G C^ 1 ). 
Moreover, we have the following: 

(1) Suppose that C = C{X) for some connected finite CW complex and suppose 
that kerp C ( X ) = {0} ^i(C(^0) ^ as 710 torsion, if [u] = in K\(A) and if 

botti(0| C (A-),«) = O, (e4.3) 

then 

[i/jq] = [</>] in KL(C(X x S 1 ), A). (e4.4) 

(2) In the case that K (C) has no torsion, or K (A) is divisible, and at the 
same time K\(C) has no torsion, or K\(A) is divisible, if 

BottiO,u) = 0, i = 0,1, (e4.5) 

then 

[V>o] = [<t>] in KL(C(X x S 1 ), A) (c4.6) 

(3) In the case that K (A) is divisible and K\(A) = {0} and if 

bottiMc W ,«) = (e4.7) 

then 

[V>o] = [4>] m KL(C(X x S 1 ), A). (e4.8) 

(4) When K\{A) = {0} and K (C(X)) has no torsion, and if 

botti(^| cw ,«) = (c4.9) 
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then 

[V> ] = [</>] in KL(C(X x S 1 )^). (e4.10) 

Proof. Let 

l&Q:K (C)^K 1 (C®C(S 1 )),fl 1 '>:K 1 (C)^Ko(C®C(S 1 )), 
f3 { ° ] : K (C, Z/jfcZ) -> ifi((7® C(S l ),Z/kZ) and 

4 1} : K x {C,Z/kZ) KoiCt&CiS^^/kZ) 

be denned by the Bott map, jfe = 2, 3, ... (as in l57TU|) . Put B = C®C{S r ). We have 
the following two commutative diagrams. 



K (B) 




K (A) 



K (A) 



K (B) 



and 



K (B) 




K (A) 

I 

K (A) 



K (B) 



K (B,Z/kZ) 



K (A,Z/kZ) 

Kx{A,Z/kZ) 
[0] 

Kx{B,Z/kZ) 



K (B,Z/kZ) 
[4>] 

K {A,Z/kZ) 
Ki(A,Z/kZ) 

Ki(B,Z/kZ) 



Ki(A) 




Ki{A) 




Ki(B) 



Ki(B) 



Ki(A) 
I 

Ki{A) 




Ki(B) 



Put (j) 1 = <f)\ c and I// = tp\c. Then 

K l (C®C{S 1 ) = K t (C)(Bf3 (t ~ 1) (K l - 1 (C) and 

Ki(C <g> C^S 1 ), Z/fcZ) = ifi(C ® C , (S' 1 ), Z/fcZ) e (i { k' 1] {Ki-x{C <g> C(5' 1 ), Z/fcZ)), 
i = 0, 1 and = 2, 3, .... 
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This gives the following two commutative diagrams: 
/3 (1) (^i(C)) - ^'(^(C.Z/B)) 




K (A) 

I 

K (A) 



K (A,Z/kZ) 
K"i(A,Z/jfeZ) 



Ki(A) 
I 

Ki(A) 



and 




K (A) 

t 

K (A) 



-/3 ( °\K (C,Z/kZ)) 
^(K^CZ/kZ)) 

- K (A,Z/kZ) 

- K^A,ZjkZ) 




KM) 
I 

KM) 



By the assumption that 



f3^(K (C,Z/kZ)) 




Bott(^',u) = Bott(^',w), 



all the corresponding maps in the above two diagrams from outside six terms into 
the inside six terms are the same. Then, by combining the assumption that 

W] = Wl 

we conclude that 

\4>] = [# 

This proves the first part of the statement. 
Note that 

[tp \c] = [</>'] in KL(C,A) and 
Bott(VolcU) =0. 

Thus, by what we have proved, 

fofo] = [0] in KL(B, A) 

if and only if Bott(</>', u) = 0. 

Now consider the special cases. 

(1) When ker PciX ) = {0}, K (C(X)) = Z. Thus if [u] = in K~i(A), 



[cp] o /?(°) = {0} 
The condition that botti(</>| C (x), u) — implies that 



(e4.11) 
(e4.12) 
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Moreover, ker pc(x) = {0} implies that Kq(C(X)) is torsion free. Thus by chasing 
the upper half of the second diagram above, using the exactness, we see that 

^I/9W(jci(C(jc),z/*z)) = W' fc = 2 > 3 >-- (e4.13) 
Similarly, since Ki(C(X)) has no torsion, we have 

^\pl°HKo(c(x) : z/kz)) fc = 2,3,.... (e4.14) 

Therefore (|e 4.4[) holds in this case. 

The proof of the rest cases are similar. Note that in all these cases, 
[ ( f\\l3( i UKi(C(X)) = {0}' i = 0,1. All additional conditions, by chasing the second 
diagram, imply the the maps in the middle are zero, i.e., 

MI/jW(jf 4 (C(x),z/fcz)) = W' * = 0,1,*: = 2,3,.... (e4.15) 

□ 

Lemma 4.2. Let X be a connected finite CW complex and let A be a unital sepa- 
rable simple C* -algebra with stable rank one, real rank zero and weakly unperforated 
Kq(A). Suppose that <fi : C(X) — > A is a unital homomorphism. Then, for any non- 
zero projection p G A, there exists a unital monomorphisms hi,fi2 '■ C(X) — ► pAp 
such that 

Nco(Yx)] = [4>C (Xx)] and Nc (r x )] + [0lc o (Yx)] = (e4.16) 

Proof. Recall Y x = X \ £ x for a point £ x € X (see 1235]) , 
We have 

K Q (C(X))=Z®K (C (Y X )) and K X {C(X)) = i^i(C (Yx))- (e4.17) 
Moreover, we may write 

K Q (C(X),Z/kZ) = Z/K© K (C (Y x ),Z/kZ) and (e4.18) 

K 1 (C(X),Z/kZ) = K 1 (C (Y x ),Z/kZ). (e4.19) 

Let q < p be a nonzero projection such that p — q =/= 0. Define an element 
2 L ^Hom A mC(X)),K(A)) by 7i([lc W ]) = [«] and 7 i([^wl) = E where 
[Icon] is the image of [lcpn] under the map from K (C(X)) — > Ki(C(X), Z/kZ) 
in Z/kZ C Ko(C(X))/kKo(C(X)) and [g] is the image of [q] under the map 
K (A) -> K {A,Z/kZ) in if U)/ fci ^o(^.) 5 and define 71 (x) = for a; G 

i^o(Co(>x)), for x G #i(C7(X)) = ^(Co^x)), for a G ir (C (y x ), Z/ fcZ) an d for 
x G K 1 {C{X),Z/kZ) = Ki(C (Y x ),Z/kZ), k = 2,3,.... It follows from (Ietl8l) and 
(Ic 4.19j) that a straightforward computation shows that 71 £ Hom\ (K(C( X)). K(AY) 
Moreover, 71 is an positive element since [</>] is. Similarly, define 72([lc(x)D = 
7i([lc(x)]) ; 72([lc(A)]) = 7i([!c(x)]) = [q] and define 72(2;) = - 7 i(a;) for x G 
K (C (Y X )), for x G #i(C(X)) = ^(CqOx)), for a: G ^(CoOx). Z/fcZ) and for 
x G Kx(C(X),Z/kZ) = K 1 (Co(Yx),Z/kZ), k = 2,3, .... The same argument shows 
that 72 G if L(C(X), A)+. It now follows from Theorem 4.7 of [25] that there are 
homomorphism h'^h'^ : C[X) — > qyhj such that 

fakcy*)] = E^lcoOx)] and [/i 2 | Co( r x) ] + [0| Co (y x) ] = {0}. (e4.20) 
By applving |2.25i we obtain a unital monomorphism hoa ■ C(X) — > (p— g)A(p — (7) 
which factors through C([0, 1]). In particular, 

[hoo\c ( Yx )] = in M(C(X),4). 
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Now define hi = hoo + h[ and fi2 = /ion + h'^. 

□ 

Lemma 4.3. Let X be a compact metric space and let A be a unital separa- 
ble simple C* -algebra with real rank zero, stable rank one and weakly unperforated 
Kq(A). Suppose that A : C(X) s . a — » Af f(T(A)) is a unital positive linear map. 
Then, for any 7 > and any finite subset Q C C(X), there exists a unital homo- 
morphism (f> : C(X) —> A with finite dimensional range such that 

|r o </>(/) -A(/)(t)| < 7 for all feG and for all reT(A). (e4.21) 

The proof is contained in the proof of Theorem 3.6 of |14j . We present here 
for the convenience of the reader. 

Proof. Let 7 > and Q C C(X) be given. Without loss of generality, we 
may assume that Q C C(X) s , a . Choose S — ax.-y/3,g- Suppose that {2/1,2/2, ■■■,Vn} 
is (5/2-dense in X. Let 

Yj = {x e X : dist(y,2/i) < 6},j = 1,2,..., n. 

Let {(71, • • • , <?„} be a partition of unity, i.e., a subset of nonnegative functions 
in C(X) satisfying the following conditions: 

(i) gi(x) = for all x £ Yi, i = 1, 2 • • • , n and 

(ii) S"=i 9i( x ) = 1 fo r au x E X. 
For each i, define ^ G Aff(T(A)) by 

&(t) = T(K( gi )). 

If A( 5i ) ^ 0, then 

inf{&(r) : r e T(A)} > 0, 
since A is simple and T(A) is compact. Put 

7l = inf{&(r) : r € T(A), Si G £?, A( 5i ) ^ 0}. 

Let 72 = min{7,7i}. If <?j = 0, we choose qi = 0. Since A has real rank zero 
and the range of the mapping pa is dense in Aff(T(A)), if §i ^ 0, there exists a 
projection q% E A such that 

\\PA( qi )-(9i-^)\\<^. 

on bn 

So for all t e T(A), if & 7^ 0, 

r(A(«h)) - J- < rfe) < r(A( ff< ))- 
3n 

Since A ^ 0, this implies for each i, 

n n n 

1 - y = E r ( A ^)) - 1 < E < E = i- 

i=l i=l i—1 

Let Q = ffi™ = i<?i be a projection in M„(A). It follows that t{Q) < t(1a) for all t e 
T(A). Since Ti?(M„(A)) = 0, M n (A) has the Fundamental Comparison Property 
(see [26]). So from t(Q) < t(1a) for all r 6 T(A), one obtains mutually orthogonal 
projections q'^q^,... ,q' n £ A such that [<^] = [</,], i = 1,2, ...,n. Put = <?-, 
i = 1, 2, n - 1 and p n = 1 - Yh=i 1v 
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For any r e T(A), 

n—1 n—1 

r(A(g n )) = 1 - E r(H9i)) < 1 " E T ^ = T ^ 

i=l i=l 

and 

n—1 n—1 

r(p„) = 1 - E < 1 - (E r ( A ^)) - f ) < r(H9n)) + y • 

i—1 i—1 

So, for all t e T(A), 

|T(pi) - T(A( 9i ))\ < ^L, i = !,-■■ , n -l, 

and 

|r(p„)-r(A(.g„)|<|. 

Define homomorphism by 0(/) = X^=i f{Vi)Pi f° r / e ^(^0- Then ^ is a 
unital homomorphism from C(X) into A with finite dimensional range. Now, we 
have, for any r e T(A), that 



|r(A(/))-r(^(/))| = |r(A(/))-E/(»i)r(Pi)| 

fc=l 

n n 

< |r(A(/)) - E /(l/i)T(A( 5i ))| + | E /(yi)(r(Pi) - r(A( 5i )))| 



^ E / y . l/W - /(w)lft(*)dMroA + (n - 1)^ + f 



i=l 

3 3 - ' 



□ 



Corollary 4.4. Let X be a compact metric space and let A be a unital separable 
simple C* -algebra with real rank zero, stable rank one and weakly imperforated 
Kq(A). Suppose that L : C(X) — > A is a unital positive linear map. Then, for 
any 7 > and any finite subset Q C C(X), there exists a unital homomorphism 
(ft : C(X) — > A such that 

\t o 4>{f) -to L(f)\ < 7 for all f eG and for all t e T(A). (e4.22) 



5. Some finite dimensional approximations 

Lemma 5.1. Let X be a compact metric space, let e > 0, 7 > and let 
T C C(X) be a finite subset. There exists S > and there exists a finite subset 
Q C C(X) satisfy the following: Suppose that A is a unital C* -algebra of real rank 
zero, t : A — > C is a state on A and (ft : C{X) — > A is a unital 8 -Q -multiplicative 
contractive completely positive linear map. Then, there is a projection p € A, 
a unital e- T -multiplicative contractive completely positive linear map tft : C(X) — > 
(1— p)A(l— p) and a unital homomorphism h : C(X) — > pAp with finite dimensional 
range such that 

H(f)-m)(Sh(f))\\<e for all feT 
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and 

t(1 -p) < 7. 

Proof. Fix e > and 70 > 0. Fix a finite subset Tq C C(X). Suppose that 
the lemma is false. There exists a sequence of unital C*-algebras {A n } of real rank 
zero, a sequence of unital (5„-^„-multiplicative contractive completely positive linear 
maps 4> n : C(X) — ► A n and a sequence of states t„ of A n , where YlnLi $n < 00 and 
U^ =1 Gn is dense in C(X), satisfying the following: 

inf{sup{|| <£„(/) - [(1 -p n )0 n (/)(l -p n ) + h n (f)]\\ : / S ^0}} > c 0> (e5.1) 

where the infimum is taken among all possible projections p n G A n with 

r„(l -p n ) < 70 and 

all possible unital homomorphisms h n : C(X) — > p n Ap ni n = 1, 2, .... 

Define $ : C{X) -> r({A n }) by $(/) = {</>„(/)} and define <? : Z°°({£„}) 
qoo{{B n }) = Z oo ({B„})/c ({ J B„}). Then g o$: <f°({£„})_ is a homo- 

morphism. There is a compact subset Y <Z X and monomorphism W : C(Y) — > 
i?oo({-Bn}) such that 

\1/ O 7T = g o $, 

where ir : C(X) — > C(Y) is the quotient map. Define 

t n ({a n }) = T n {a n ) 

for {a n } £ l°°({B n }). Let r be a weak limit of {r n }. By passing to a subsequence, 
if necessary, we may assume that 

lim t n ({a n }) = r({o„}) 

n — >oc 

for all {a n } € $(C(X)). Moreover, since for each {a n } £ co({B n }), lim^oo t n (a n ) — 
0, we may view rasa state of ?oo({-B n }). Note that qoo{{B n }) has real rank zero. It 
follows from Lemma 2.11 of |241 that there is a projection p 6 Qoo({-B n }) satisfying 
the following: 

m 

||*(/)-[(l-p)*(/)(l-p)+53/(a!i)Pi]||<eo/3 and (e5.2) 

i—l 

||(l-pW)-*(/)(l-p)|| <e /3 (e5.3) 

for all f £ J-q, where {pi,p2, ...,p m } is a set of mutually orthogonal projections and 
} is a finite subset of X, and where 

t(1 -p) < 70/3. 

It follows easily that there is a projection P £ l°°({B n })) and are mutually orthog- 
onal projections {Pi,P 2 , ■■■,Pm} C Z°°({.B n }) such that 

ff(-P) =P and q(Pi) =p~ u i = 1,2,..., to. 

There are projections p^,pj € -An, i = 1, 2, m, and n = 1, 2, ... such that 

P = {p (n) } and Pi = {p\ n) }, i = 1,2, m. 

It follows that, for all sufficiently large n, 

m 

WMf) - [(1 - p {n) )K(f){i - P [n] ) - £ /(^)fi n) ]H < £ o/2 

i=l 
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for all f G Tq and 

r n (l~p {n) ) < 7 o/2. 

This contradicts with (|e 5.1|) . 

□ 

Corollary 5.2. Lei X be a compact metric space, let e > 0, 7 > and Zet 
J 7 C C(X) fee a finite subset. There exists 8 > and £/iere exists a finite subset 
Q C C(X) satisfy the following: Suppose that A is a unital C* -algebra of real rank 
zero, t : A — > C is a state on A and <f> : C(X) — ► A is a unital 8 -Q -multiplicative 
contractive completely positive linear map and u € A is an element such that 
\\u*u - 1|| < 8, \\uu* - 1|| < 5 and 

\\[<l>(g),u]\\ < 8 for all geQ. 

Then, there is a projection p G A, and a unital homomorphism h : C(X) — > pAp 
with finite dimensional range such that 

H(f)g(u)-((l-p)ct>(f)g(u)(l-p)®h(f®g))\\<e and (e5.4) 

||[(l-p),<M/)]|| <o (e5.5) 
for all f G T and g — lc(X) or 9 — z i where 

n m(i) 

M/®J) = EE /OA )'/;/„ )/',., for all / G C(X),ge CiS 1 ), (e5.6) 
i=\ j=i 

where yi G X and tij G S 1 and {pi.j : i, j} is a set of mutually orthogonal non-zero 
projections with J2i=i Yl]j=i Pi, j = P an d 

t(1 -p) < 7. 
Moreover, for any 77 > 0, we may assume that 

m(i) 

Pid c <Kfi ® VMtfi ® 1). (e 5.7) 

w/iere /j G C(Xl) such that < /, < 1, = 1 if y £ 0(y i} ri/2) C _X"i and 

fi(y) = ify 0(yi,r)) c X u i = l,2,...,n. 

Proof. We make a few modification of the proof of 15.11 In the proof of 15.11 
define a linear map L n : C(X ® S 1 ) — > B n by L n (f <g <?) = <f) n (f )g(u n ), where 
0„ : C(X) — > £?„ is a sequence of (5 n -C/„-multipolicative contractive completely 
positive linear maps and u n G B n with 

lim ||u^u n — 1 _b„ I = = lim Hunujj — ls„| =0 and 

n — >oc n — >oo 

lim || [</> n {f),Un] II = for all / G C(X). 

71 — >QO 

Redefine $ : C(X_x S 1 ) -> l°°{{B n }) by = {£„(/ ® g)} for / G C(X) 

and g G C(S 1 ). Then * = go<5 : C(X x,? 1 ) — > gco({-Bn}) is aunital homomorphism, 
where q : l°°({B n }) — > gooll-Bn}) is the quotient map. 

In this case, in (|e 5.2p . we may replace (le 5.2p by the following: 



11 m(i) 

||*(/)-[(l-p)*(/)(l-p) + ££/(tfi)fl(tij)wj]||<eo/3 (e5.8) 

i=i i=i 
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for all / G T and g G <S, where S = {lefs 1 ), z }- As in proof of 15.11 we conclude 
that ljeO|) and (fe3T5|) hold. 

For any n > 0, from the the proof of 2.11 of |24j . we may assume that 

Pij e B Gt , j = 1,2, ...,m(j),i= 1,2, ...,n (e5.9) 

where Gi = 0(yi,rj/2) and is the hereditary C*-subalgebra generated by 
*(/ i ®l),i = l s 2,...,n. 

Let _B„ be as in the proof of 15.11 Let p^v G _B„ be projections such that 

9° ({Pi"j}) =P*,j) J = !> 2 ) and i = 1,2, ...,n. Then 

lim ® l)pj?^n(/< ® 1) -pffll = 0. (e5.10) 

It follows from 2.5.3 of |28j that, for each sufficiently large n, there is a projection 

gjj G 0„(/i ® l)A^„(/i «) 1) such that 

lim \\p^- q ^\\=0. (e5.ll) 
It follows that we may replace p[ n j by q\ n ^ and then the corollary follows. 

□ 

Lemma 5.3. Let X be a compact metric space, let e > 0, 7 > and let 
T C C(X) be a finite subset. There exists S > and there exists a finite subset 
G C C(X) satisfy the following: Suppose that A is a unital C* -algebra of tracial 
rank zero and <fi '■ C(X) — > A is a unital S-Q -multiplicative contractive completely 
positive linear map. Then, there is a projection p G A, a unital e -T -multiplicative 
contractive completely positive linear map ip : C(X) — > (1— p)A(l —p) and a unital 
homomorphism h : C(X) — > pAp with finite dimensional range such that 

U(f)-W)®h(f))\\<e for all feT 

and 

r(l -p) < 7 for all t G T(A). 
In particular, ip can be chosen to be ip(f) — (1 — p)<fi(f)(l — p) for all f G C{X). 

Proof. Fix e > 0, 7 > and a finite subset J 7 c C(X). 

Let <5o > and Go C C(X) be finite subset required by 15.11 corresponding to 
e/2 and 7/2. 

Choose (5 = 5o/2 and G = Go and let : C(X) — > A be a homomorphism which 
satisfies the conditions of the lemma. 

Since TR(A) = 0, there exists a sequence of finite dimensional C*-subalgebras 
_B„ with e n = ls„ and a sequence of contractive completely positive linear maps 
(fin : A — > B„ such that 

(1) linin^oo \\e n a — ae n \\ = for all a <E A, 

(2) lim n ^oo \\(fi n {a) - e n ae n \\ = for all a G A and n (l) = e„; 

(3) limn^oo ||0„(afe) — <fi n (cL)<fin(b)\\ = for all a,b £ A and 

(4) r(l - e n ) ->• uniformly on T(A). 

We write £?„ = ®^^D(i, n), where each D(i,n) is a simple finite dimensional 
C*-algebra, a full matrix algebra. Denote by $(i,n) : A — > D(i,n) the map which 
is the composition of the projection map from B n onto D(i, n) with n . Denote by 
t(z, n) the standard normalized trace on D(i, n). Put <fiu n ) = n) o <fi. From (1), 
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(2), (3), (4) above, by applying 15. II to each (f>(i <n ), for each i ( and r(i,n)) and all 
sufficiently large n, we have 

m(i) 

\\<t>(i,n)(f) - [(l£>(i,n) ~ Pi,n)<f>{i,n){f ® z)(l D ^ n ) ~ J>i,n) + ^ f( x i,j)Pj,i,n]\\ < e / 4 

(e5.12) 

for all f £ J-, where Xj € X, {pj,i, n : ji are mutually orthogonal projections in 
D(i,n), Y^=i Pj,i,n = Pi,n with 

T(i,n)(e n -pi t n) <7/3 (e5.13) 
and pi,„ = X^Li Pi,i,n> i = 1,2, ...,r(n). 

Put g„ = Y^i=\ Pi,n- F° r an Y T S ^(A), t|b„ has the form 

r{n) 
i=l 

where a^„ > and a i,n < 1- Thus, by (|e 5. 13[) . 

r(n) 

r(e n - q n ) < ^ a^nij/S) = l/'i 

i=l 

Therefore 

r(l-p n ) < 7/3 + 7/3 < 7 for all t e (e5.14) 
Define h n : C(X) -> £?„ by 

r(n) m(z) 
M/) X! H f( X hj)Pj,h" 

i=i i=i 

for all / e C(X) and define V« : C(X) -> (1 - gw)A(l - c?„) by 

Mf) = (1 - 9n)^(/)(l - ffn) 

for / 6 C*(X). From (|c 5.12p and (|c 5.14)1 . the lemma follows by choosing h = h n 
and ip = ip n for sufficiently large n and with 6 < e/2 and Q T . 

□ 

Lemma 5.4. Lei X fee a compact metric space, let e > 0, 7 > and /ei 
J 7 C C(X) be a finite subset. There exists S > and there exists a finite subset 
Q C C(X) satisfy the following: Suppose that A is a unital C* -algebra of tracial 
rank zero and <fi : C(X) — > A is a unital homomorphism and u S A is a unitary 
such that 

\\[<j){g), u]\\ < 5 for all g G Q. 
Then, for any r] > and any finite subset T\ C C(X), there is a projection p G A 
and a unital homomorphism h : C(X) — ► pAp with finite dimensional range such 
that 

\\<j>(f)g(u) - ((1 - pM/) 5 (u)(l -p) &(/ ® < e (e5.15) 
/or a// f E T,g E S, 

IW/)-(l-pM/)(l-p)eM/®l)ll <*? fOT a11 /e^i, (e5.16) 
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|| [(1 -p), <K/)]II < V for all /efi (e5.17) 

and 

r(l-p) < 7 for all t G T(A), 

where S = {l c(S i), z}. 

Proof. We will use the proof of 15. 31 and 15. 21 We proceed the proof of 15.31 By 
applying 15. 2\ in stead of (|c 5.12|) we can have 

||*(i,n)M/)s(u)) (e5.18) 
-[(1dm -Pi,n)$(i, n)(ct>(f)g(u))(l D{itn) - Pi,„) + H Kn (f <g> g)]\\ < e/4 (e5.19) 
for all / G T and g G 5, where 

L(i) m(j) 

Hi, n (f®g) = ^2 ^2 f(xi,j)g{ti,j,k)Pi,j,k (e5.20) 

3=1 k=l 

for all / G C(X) and <? G C(S' 1 ), and where {pij,k '■ k} are mutually orthogonal 
projections with J2 ik Pi,j,k = Pi,n- F° r an Y V > 0, choose cr = ax,e/s,Fi- 
By applying 15. 2i we may assume that 



Pi,j,k € Hii n ) ° <P(hj) A H i > n ) ° <P(hj)> (e5.21) 

where /ij G C{X) such that < /y < 1, fi,j(x) — 1 if a; G 0(xij,a/2) and 
fij(x) = if a; ^ 0(xij,a). By the choice of cr, it follows, since </> is a homomor- 
phism, for all sufficiently large n, 

||$(i, n) o </>(/) - [(lr, ( i, n) - Pi,„)$(i, n) o </>(/)(l D( ) +H it n(f<g) 1)]|| < 

and 

|p(i,n)o <£(/), $(i,n)(tt)]|| < T) 
for all / G T\. The lemma then follows. 

□ 

Corollary 5.5. Let X be a compact metric space, let e > and let T C C(X) 
be a finite subset. There exists d > and there exists a finite subset Q C C(X) 
satisfy the following: Suppose that A is a unital C* -algebra of real rank zero and 
4> : C(X) —> A is a unital homomorphism and u G A is a unitary such that 

\\[<P{g), u] || < S for all g G Q. 

Then, for any r/ > and any finite subset T\ C C(X), there is a non-zero projection 
p G A and a unital homomorphism h : C(X) — > pAp with finite dimensional range 
such that 

H(f)g(u) - ((1 - p)cf>(f)g(u)(l - p) e h(f ® g))\\ < e (e5.22) 
for all f G T, g G S, 

\\<p(f)-(l-p)<P(f)(l-p)®h(f®l)\\<r) for all / G T u (e5.23) 

||[(l-p), 0(/)]|| <77 for all /e^. (e5.24) 



PROOF. This follows from 15.21 as in the proof of 15.41 But we do not need to 
consider the trace. □ 
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Remark 5.6. It is essentially important in both 15.51 and 15. 41 that r\ and T\ are 
independent of the choice of 5 and Q so that r\ can be made arbitrarily small and 
T\ can be made arbitrarily large even after S and Q have been determined. 

In 1531 h(f) = f((j)Pj for a11 / e C ( X x where Xj € X x S 1 and 

Px,P2, ■■■,Pm is a set of mutually orthogonal non-zero projections. In particular, we 
may assume that h(f) = f(xx)px, by replacing (1 — p)<f>(l —p) by (1 — p)<ft(l — p) + 
Sj=2 f( x j)Pj- But the latter term is close to (1 — pi)0(l — pi) within 2e in (je 5.22j) 
and within 2r\ in (|e 5.23|) . Moreover, (|e 5.24[) holds if one replaces p by p\ and 77 by 
277. Therefore, the lemma holds, if h has the form h(f) — f(x)p for a single point. 
Moreover, it works for any projection q < p. 

We need the following statement of a result of S. Zhang (1.3 of [49]). 

Lemma 5.7. (Zhang's Riesz Interpolation) Let A be a unital C* -algebra with 
real rank zero. If Px,P2, • ■-,Pn wre mutually orthogonal projections in A and q is 
another projection such that q is equivalent to a projection in (j>x+P2 + - ■ • Pn)A(px + 
P2 + • • -Pn), then there are projections q' and q\,q2, ■■-,q n in A such that q and q' 
are equivalent and q' = qi + q2 + ■ ■ ■ + q n , Qi < Pi, t= 1, 2, n. 

Proof. This follows from 1.3 of [49] immediately. There is a partial isometry 
v S A such that 

v*v = q and vv* < p\ + P2 ■ ■ ■ + p n . 

Put e = vv* . By 1.3 of [49], one obtains mutually orthogonal projections ex, ■-, e„ € 
A such that 

e = ei + e 2 h e„ 

and there are partial isometries Vi € A such that 

= ei and WjW* < ft, i = 1, 2, n. 
Now define = i = 1, 2, n and g' = Qi- 

□ 

Lemma 5.8. Let A be a unital C* -algebra of real rank zero and letp\,p2, ■■■,p n 
be a set of mutually orthogonal projections withp = ^27=1 Pi- Suppose that ex, e%, e m 
are mutually orthogonal projections such that e = X^JLi e j an< ^ e * s equivalent to 
p. Then there exists a unital commutative finite dimensional C* -subalgebra B of 
pAp which contains px-,P2i ■■■■,Pn an d Qi,Q2,---,Qm such that qj is equivalent to ej, 
j = 1,2, ...,m. 

Proof. There is a projection e'- € pAp such that e\ is equivalent to ej, i — 
1, 2, m. By Zhang's Riesz interpolation theorem (j5.7p . there are projections qx t i < 
Pi, i — 1,2, n such that qi is equivalent to ex, where q\ = X)"=i Note that 
qu commutes with each pi, i = 1,2, ...,n. We then repeat this argument to e'j, 
j = 2, 3, m and pi — qx t i, i = 1,2, n. The lemma then follows. 

□ 

Lemma 5.9. Let X be a compact metric space, let e > 0, 7 > and T C C(X) 
be a finite subset. There exists 8 > and there exists a finite subset Q C C{X) 
satisfying the following. 

Suppose that A is a unital separable simple C* -algebra with tracial rank zero 
and ipxii>2 ■ C(X) — > A are two 5-Q -multiplicative contractive completely positive 
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linear maps. Then 

WMf) - (Mf) © M/))ll < e for all / e (e5.25) 

where tf>i : C(X) — > (1 — pj)yl(l — pi) is a united e-J- '-multiplicative contractive 
completely positive linear map and hi : C(X) — > piApi is a unital homomorphism 
with finite dimensional range (i — 1,2 J /or two wnitarily equivalent projections 
P\tPi € A /or which 

T{l- Pt )<cr for all reT(4 (e5.26) 

PROOF. By applying 15.31 to ^ and -02, we obtain that <// : C{X) — > (1 — 
Pi)A(l — p{) is a unital e-.F-rrmltiplicative contractive completely positive linear 
map and h! i : C(X) — ► PiApi is a unital homomorphism with finite dimensional 
range (i — 1,2) such that 

\mf)-{m)®KU))\\<t for all feT, i=l,2, and 
r(l -p^ < cr/2 for all r e T(A). 

Write 

^(/) = E/(4 i) )4 i) for all /eC(x), 

fc=l 

where {pi : = 1, 2, m(i)} is a set of mutually orthogonal projections and 
xfi € X, fc = 1, 2, m(i), i = 1,2. Since A is a simple C*-algebra with tracial 
rank zero, there is a projection gW < pM such that 

[qW] = [ q W] and r(p« - g«) < a/3 

for all r G T(A). By Zhang's Riesz interpolation (|5.7p . there are e!l < pi such 
that 

m(i) 

E « w 4°] = [9 w i. * = 1 > 2 - ( e5 - 27 ) 

fc=i 

Let p 4 = YJk=i e k > P ut 

m(i) 

&(/) = + £ - 4 l) ) ^d 

fc=l 

771(2') 
k=l 

for all / S C(X), i = 1, 2. It is clear that so defined <fo and /i^ satisfy the require- 
ments. 

□ 
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6. The Basic Homotopy Lemma — full spectrum 

Theorem 6.1. Let X be a connected finite CW complex (with a fixed metric), 
let A be a unital separable simple C* -algebra with tracial rank zero and let h : 
C(X) — ► A be a unital monomorphism. Suppose that u G A is a unitary such that 

h(a)u — uh(a) for all a G C(X) and ~Bott(h,u) = 0. (e6.1) 

Suppose also that the homomorphism ip : C(X x S 1 ) — ► A induced by ip(a ® z) = 
h{a)u is injective. Then, for any e > and any finite subset T C C(X), there is a 
continuous rectifable path of unitaries {ut : t € [0, 1]} of A such that 

|| [h(a), u t ]\\ < e for all t £ [0,1], a G T and uq = u, u\ = 1a- (e6.2) 

Moreover, 

Length({u t }) < ir + en. (e6.3) 

Proof. Let e > and T C C(X) be a finite subset. Without loss of generality, 
we may assume that lc(x) S T. Let T\ = {a ® b : a G T ,b — u,b — 1}. Let 
V = < J xxs 1 .e/i6.j r 1 (be as in l2.19j) . Let {xi, xi, x m } be ?y/2-dense in X x S 1 and 
let s > 1 be an integer such that Oi H Oj = 0, if i ^ j, where 

Oi = {x £ X x S 1 : dist(x, Xi) < 7y/2s}, i = 1, 2, m. 

Since A is simple, there exists a > such that 

fi>T<>i>(Oi) > 2ar}, i=l,2,...,m (e6.4) 

for all r G T(A). Let 1/2 > 7 > 0, <5 > 0, Q C C(Jf x S 1 ) be a finite subset 
of C(X x S" 1 ) and V C K(C(Z x S* 1 )) be a finite subset required by Theorem 
4.6 of [32] associated with e/16, tr/2 and J^. We may assume that 5 and £/ are 
so chosen that Qs : g D T 3 - In other words, for any ^-^-multiplicative contractive 
completely positive linear map L : C(X x S 1 ) — > £? (any unital C*-algebra -B), 
[L]|-p is well-defined. 

Choose x G X and let £ = x x 1. Let Yx = X \ {x}. Choose 771 > such 
that |/(C) - /(C) I < min{ (5/2, e/16} if dist(CC') < Vi for all / G Q. Let g G 
C(X x S* 1 ) be a nonnegative continuous function with < g < 1 such that g(() — 1 
if dist(C,0 < rji/2 and g(0 = if dist(£, > 771. Since A is simple and -0 is 
injective, ip(g)Aip(g) 7^ {0}. Since TR(A) = 0, ^4 has real rank zero. Choose two 
non-zero mutually orthogonal and mutually equivalent projections ei and e 2 in the 
simple C*-algebra ifj(g)Aip(g) ( 7^ {0}) for which 

r(ei + e 2 ) < min{7/4, (777/4} for all r G T(A). (e6.5) 

It follows from 14.21 that there are unital homomorphisms hi : C(X) — > e\Ae\ 
and : C(X) — > e 2 ^4e 2 such that 

[^llco(lx)] = Nco(>x)] and [^2|co(lx)] + [^Co(lx)] = {0}. (e6.6) 

Define Vi : C(X x S 1 ) -> e x Aei by ipi(a®f) = ft, x (a)/(l)ei for a G Cpf) and 
/ G (^(S 11 ) and define ^2 : C(X x 5 1 ) -> e 2 Ae 2 by V 2 (a O /) = /i 2 (a)/(l)e 2 for 
a G C(X) and / G C(5' 1 ). Put e = ei+e 2 . Define f : clxxS 1 ) -► (l-ei)A(l-ei) 
by * (o®/) = ^(o®/)e(l-e)%)5(«)(l-e) for all a G C(X) and / G C^S* 1 ) 
and define * : C(JC) -> A by 

*(&) = ^i(a®/)8* (&) for all b e C(X x S 1 ). (e6.7) 
Given the choice of 771, both \to and \t are ^-^-multiplicative. 
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Since r(ei) < min{7/4, a ■ rj/4}, we also have that 

A i To*(0 J ) > 7er?7/4, i = 1, 2, ...,m. (e6.8) 

By I4.4[ there is a unital homomorphism (j>o : C(X x S 1 ) — > (1 — ei)A(l — ei) with 
finite dimensional range such that 

|to cj> (b) - t o * (6)| < 7 /2 for all 6e£ and (e6.9) 

{J>To<t> (Oi) > ar), % = 1,2, ...,m (e6.10) 

for all r € T(A). 
Note that 

V>«V2/(0( e i+ e 2)©(l-e)^(l-e) on Q. (e6.11) 



Thus, by applying 14. II and by (|e 6.6)) . since Vs,g D V , 

[*o]\v = [<M\t>- (e6.12) 
Note that r(l - ex) > 3/4 and r( ^ 2 ei) < 7 for all r <E T(A). It then follows from 
Theorem 4.6 of |32j and (|c 6.9[) . (jc 6.10|) and (|e 6. 12|) that there exists a unitary 
iui € (1 — e{)A{l — ei) such that 

adwi o <^> ~ e /iQ ^0 on J 7 !. (e6.13) 
On the other hand, we have 

Mro*(Oi) > 7o-77/4, for all r G T(A), i = 1,2,..., m. (e6.14) 

Moreover, 

|to*(&) -toV(6)| <7 for all beG and for all t €T(A). (e6.15) 
Furthermore, by 14.11 and by (|c6.6[) . 

m\v = W\\v- (e6.16) 
It follows from Theorem 4.6 of [321 that there exists a uniatry 11)2 £ 4 such that 

adu?2 ^ ~c/i6 V* on J~i (e6.17) 

Let ui = (j>o(l®z). Put Aq — (f>o(C(X x S 1 )). Since 0o has finite dimensional range, 
Aq is a finite dimensional commutative C*-algebra. Thus there is a continuous 
rectifiable path of unitaries {uj t -t& [0, 1]} in A C (1 — ei)A(l — ei) such that 

wo = u), wi = 1 — ex and ||[0o(a<8) l),^i]|| = (e6.18) 

for all a £ C(X) and for all t € [0, 1], and 

Length({w t }) < ir. (e6.19) 

Define 

Ut = wl{e 1 +wl(u) t )w 1 )w2 for all te[0,l]. (e6.20) 
Clearly Ui = l A . Then, by (|e6.13j) and (je 6.170 . 

|| C/q — u|| = ||ad w 2 o (i/j 1 (1 (gi z) © ad wi o O (1 (g) 2)) — m| 

< e/16 + ||adu> 2 o (^(l ® z) © * (1 <g> zj) - u|| 

< e/16 + e/16 + ||^(1 ® z) - u\\ = e/8. (e6.21) 
We also have, by (|e 6.13|) . (|e 6.17|) (|e6.21|) and (|e6.18p . 

\\[h(a),U t ]\\ = \\[i)(a®l),U t }\\ < 2(e/8) + e/16 = 5e/16 (e6.22) 
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for all s£f. Moreover, 

Length({t/ t }) < 7T . (e6.23) 

By (|e 6.23|) and (|e 6.22|) . we obtain a continuous rectifiable path of unitaries {u t : 
t £ [0,1]} of A such that 

u = u , mi = 1a and || [h(a), u t ]\\ < e for all £6 [0,1]. (e6.24) 

Furthermore, 

Length({u t }) < tt + en. (e 6.25) 

□ 

Lemma 6.2. Let X be a compact metric space, e > and T C C(X) &e a finite 
subset. Let L > 1 be an integer and let < rj < o-x,r,e/8- Then, for any integer s > 
0, any finite rj/2-dense subset {x\,X2, ...,X m } of X for which OiHOj =0, if i =/= j, 
where 

O t = {£ € X : distfcsi) < n/2s} 

and any l/2s > cr > 0, i/iere eizsi a finite subset Q C C(X x S* 1 ), S > and an 
integer I > mf/i 8n/l < e satisfying the following: 

For any unital separable simple C* -algebra A with tracial rank zero and any 
S -Q -multiplicative contractive completely positive linear map <f> : C(X x S 1 ) — > A, 
if ^To4>(Oi x S 1 ) > a ■ rj for all r £ T(A) and for all i, then there are mutually 
orthogonal projections Pi,i,Pi,2, ■■■,Pm,i in A such that 

m J(i) 

U(f^g(z))-((l- P )<f>(f^g(z))(l-p) + Y / Y,^ x ^9(^)^J <£ for all f£T 

t=l 3=1 

and - p)<t>(f ® g) - (f>(f ® g)(l - p)\\ <e, 

where g = l C (s 1 ) or di z ) = z, P = YnLiPi, Pi = J2j=iPi,j and z i,j are points on 
the unit circle, 1 < J{i) < I, 

T (Pk) > ^- • V for all t e T(A), k = 1,2, ...,m. 

Proof. There are £ C(X) such that < / < 1, f(x) = if x O* and 

ro^/j) > ^(Oi)-a-r}/8 (e6.26) 

for all r £ T{A), i = 1,2, m. Put ^ =TU{f 1 ,f 2 , f m }, S = {l C (si) s «}, and 
T' = T\® S. 

Put 7 = (777/I6. Let <5 > and (J C C(X x S* 1 ) be a finite subset which are 
required by 15.31 for min{e/2, 7/2} (in place of e), 7 and T 1 (in place of T). 

Suppose that <f> satisfies the assumption of the lemma for 8 and Q above. 

Applving l5.3[ we obtain a projection p, a homomorphism H : C(X xS 1 ) -* pAp 
with finite dimensional range and an e/2-^-multiplicative contractive completely 
positive linear map tpo '■ C(X x S 1 ) — > (1 — p)A(l — p) such that 

U{f)~[Mf) + H{f)]\\ <mm{e/2, 7 /2} (e6.27) 

for all / £ J 7 ' and 

r(l -p) < 7 for all r G T(A). (e6.28) 
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Clearly we may assume that tpo(f) = (1 — p)<fi(f)(l — p) for all / G C(X). Define 
h(f) = H(f (g> 1) for / G C(X). Then we may write that 

k 

Kf)=Y,f(y j )e j for all feC(X), 

3=1 

where yj G X and {ei, e%, e&} is a set of mutually orthogonal projections. In 
particular, 

Hfi)= E f(Vi) e i> »'=l,2,...,m. (e6.29) 

VjeOj 

Put p\ = E^eo 3 e i- :t follows from (|e6.26[> . (|e 6.27|) . (le 6.28P and (|e 6.29ft that 
3 

r(p-) > -cr • i) for all r€T(4), i = l,2,...,m. (e6.30) 
Note that, if d(x,x') < rj, 

\f(x)-f(x')\<e/8 

for all f E J 7 . It is then easy to see (by the choice of I) that we may assume that 

m J(i) 

H (f ®ff) = EE f( x i)9(zi,j)Pi,j 
i=i j=i 

for all / € C(X) and 5 E CIS 1 ) as required (with J(i) < I). 

□ 

Remark 6.3. In Theorem l6.21 the integer I depends only on e and T . In fact, 
it is easy to see that I can be chosen so that irM/l < e/2, where M — max{||/|| : 
/ G ?}. 

Lemma 6.4. Let X be a compact metric space, e > and T C C(X) be 
a finite subset. Let I be a positive integer for which 256nM/l < e, where M = 
max{l, max{||/|| : / G J 7 }}. Let n = <Tx,J r ,e/32 be as \2.1<A Then, for any finite 
ri/2-dense subset {x±,X2, ■■■,x m \ of X for which O t n Oj — 0, where 

O l = {x G X : dist(x,a; i ) < r//2s} 

for some integer s > 1 and for any o\ > for which o\ < X/2s, and for any So > 
and any finite subset Qq C C(X ® S 1 ), there exist a finite subset Q C C{X), 5 > 
satisfying the following: 

Suppose that A is a unital separable simple C* -algebra with tracial rank zero, 
h : C{X) — > A is a unital monomorphism and u G A is a unitary such that 

|| [h(a), u]\\ < S for all a G Q and /Lt TO /i(Oj) > o'lV for all r G T(A). (e6.31) 

Then there is a So -Go -multiplicative contractive completely positive linear map 
4> : C(X) (g) C(S 1 ) —> A and a rectifiable continuous path {u t : t G [0, 1]} such that 

uq=u, \\[(f)(a <Si 1),ih]\\ < e for all a G T, (e6.32) 

\\<f>(a ® 1) - h(a)\\ < e, \\<f>(a ® z) - h(a)u\\ < e for all a G T, (e6.33) 
where z G C(S 1 ) is the standard unitary generator ofC(S 1 ), and 

Mro0(O(xi x tj)) > ^-77, i = 1,2, ...,m,j = 1,2, (e6.34) 
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for all t G T(A), where t\,ti, are I points on the unit circle which divide S 1 
into I arcs evenly and where 

0(xi x tj) — {x x t G X x S 1 : dist(x,Xi) < r\j2s and dist(i,tj-) < n/isl} 

for all t G T(A) {so that 0(xi x tj) n 0(0* x fy) = if ^ (i',f)). 
Moreover, 

Lenghth({u t }) < it + en. (e6.35) 

Proof. Fix e and F. Without loss of generality, we may assume that F is in 
the unit ball of C(X). We may assume that e < 1/5 and lc(X) € J 7 . Let rj > such 
that — /(x')| < e/32 for all / € F if dist(x, a;') < rj. Let xa> — j ^m} be an 
?y/2-dense set. Let s > such that Oj fl Oj ; = if i 7^ j, where 

Oi = 0(xi,r]/2s) = {x € X : dist^z) < r)/2s}, i = 1, 2, to. (e6.36) 

Suppose also \/2s > o\ > and /i T0 ^,(0,-) > (T177 for all r G Let #o and 

5o be given. Without loss of generality (by using smaller So), we may assume 
that Go = Fo <X> S, where Go C C(X) is a finite subset and S = {lc(s 1 )i z }- Put 
ei = min{e, <5o} and Fi = Fo U F. We may assume that J 7 ! is a subset of the unit 
ball. 

Let <$i > and Gi C C'(X) be a finite subset (and 8it/I < e/32) as required by 
I6.2I corresponding to ei/32, Fi, s and o\ above (instead of e, F, s and a). We may 
assume that 5\ < e/32 and ^c(x) G £1. We may further assume that 

6i/2 < So and f cSi. (e6.37) 

Let B = C(X). Let Gi a finite subset (in place of Fi) and 82 > ( in place of 
(5) be required by Lemma I2T81 associated with Si/2 and Gi (in place of e and Fo). 

Suppose that A is a unital separable simple C*-algebra with tracial rank zero, 
suppose that h : C{X) — > A is a unital monomorphism, suppose that u G ^4 is a 
unitary such that 

||[/i(a),u]|| < (5 2 for all a e G2 and /Lt TO fc(Oj) > ci?? (e6.38) 

for all t G T(A), i = 1,2, ...,m. 

We may assume that <$2 < 6% and (?i C Gi- It follows from [2~8l that there 
exists a (5i-C/i-multiplicative contractive completely positive linear map ip : C(X) ® 
C{S X ) -> v4 such that 

||^(a) -h(a)\\ < 6 t /2 and ||V>(a ® z) - /i(°MI < <V 2 (e6.39) 
for all a G £1. 

By applying 16. 2i we obtain a projection p G A and mutually orthogonal projec- 
tions {pi.j : j = 1,2,..., J(i), i = 1, 2, to} with J2i j Pi,j — P such that J(i) < I, 

m J(i) 

II W ® 9) - [(1 - *#(/ ® - J») + £ £ /(^M^jKj] II < d/32 (e 6.40) 

i=i i=i 

for all / G .Fi and for g € S and 

r(p() > 3cti • r?/4 for all r G T(A), (e6.41) 
where pi = J2j=l Pi, 31 * = 1, 2, to. 
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Since e < 1/5, by (|e 6.40|) . (see for example Lemma 2.5.8 of [28 ) there are 
unitarics w\ € (1 — p)A{l — p), such that 

m J(i) 

\\ip(l®z)-w 1 ®^^2zi !j pi !j \\ < e/32 + e/4 (e6.42) 

i=i j=i 

for all / £ fi. Fix i. For each j, since PiApi is a unital simple C*-algebra with 
real rank zero and stable rank one and -Ko(^4) is weakly imperforated, it follows 
from 15.81 that there is a finite dimensional commutative unital C*-subalgebra Bi C 
PiApi which contains projections Pi j, j — 1, 2, J(i), and mutually orthogonal 
projections <jty <E Bi, j — 1, 2, i, such that Y^j=i lid — Pi an d 



r(qi,j) > - ^ for all r e T(A), (e6.43) 



r jpi) _ (TiV 
I 16 -l 2 

i = 1,2, m. Define i? = 0™ and define a unital homomorphism 
*o : C(X x S 1 ) — > B such that 

m 2 

*o(/ ® 3) = E /(*i)X>(*i)*J for a11 / e and 3 e ^(S 1 ). (e6.44) 

<=i j=i 

There is a continuous path of unitaries : t € [0, 1]} in S such that 

rn I 

vq = wi U,jQi,ji Vx='&o(l®z) and Length({w t }) < 7r. (e6.45) 

»=i i=i 

Define U t — wi w t for t G [0, 1] and define 

m I 

<t>(f ® <?(*)) - (1 ~ ?#(/ »«)(l-p) + £5; f(*i)9fo)*j (e 6.46) 

»=i j=i 

for all / € G{X) and 5 € C(S' 1 ). By (jc 6.40|) . we know that </3 is ^o-^i-multiplicative. 
We compute that 

U =wi®v ,U 1 =w 1 ®vi, (e6.47) 

||tfb-u|| < ||C/b-^(l®*)|| + ||V'(l®*)-«ll (e6.48) 
< e/32 + e/4 + ^i < e/16 + e/4 (e6.49) 

(by (je 6.390 and le 6.420 . Also, by (|e6.39|) and (je 6.400 . 

||<£(a® 1)-%)|| < e/2 and ||0(o O z) - h{a)U x \\ < e/2 (e6.50) 
for all a <E J 7 , and by He 6.420 . 

||p7t,0(/®l)]|| < e/32 + e/4 + e/32 for all t€ [0,1]. (e6.51) 
Moreover, by (|e 6.53|) . 

Length({[/ t }) < 7r. (e6.52) 
Furthermore, by (|e 6.430 and (|e 6.410 we have 

r(g ijS ) > 3cti • 77/4Z - <j 1 ■ 77/16/ > <j 1 • 77/2/ (e6.53) 
for all t £ T(A) and 

H T a<f,(0(xi X t,)) > 2-7?, (e6.54) 
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i = 1, 2, m and j — 1, 2, i. By ()e 6.48|l . we may write 

u(Uo)* = exp(ib) for some &G A sa with ||6|| < eir (e6.55) 
We define a continuous rectifiable path of unitaries {ut : t £ [0, 1]} C A by 

u t = exp(i(l - 2t)b)U for t G [0, 1/2] and u t = U 2t -i- (e6.56) 
So ito = u and ui = Z7i< Moreover, by (|e 6.51|) . (|e 6.48|) and (|e 6.55|) . 

|| [</»(/ ® l),u t ]|| < e for all t € [0, 1] (e6.57) 

By mm . 

Length({u t : t G [0, 1/2]}) < e7 r. (e6.58) 
Finally, by ()e 6.52|) and (|e 6.58|) . we obtain that 

Length({u t }) < tt + en. (e 6.59) 

□ 

7. The Basic Homotopy Lemma — finite CW compleces 

Definition 7.1. Let X be a compact metric space, let A : (0,1) — > (0,1) 
be an increasing map and let /i be a Borel probability measure. We say /i is A- 
distributed, if for any r\ G (0, 1), 

fi(0(x,rj)) > A(t))t) 

for all x G X. 

Recall that a Borel measure on X is said to be strictly positive if for any non- 
empty open subset O C X, /i(O) > 0. If fj, is a strictly positive Borel probability 
measure, then there is always a A : (0, 1) — > (0, 1) such that /i is Z\-distributed. To 
see this, fix rj G (0, 1). Note that there are x±,X2, x m G X such that 

1^0(^/2)3 X 

Let 

= min{^(Q(a:, 77/2)) : j = 1, 2, m} 
?7 

Then, for any x G X, there is z such that a; G 0(xi,r]/2). Thus 

0(x,?7) D 0(ja,r]/2). 

Therefore 

n(0(x, if)) > A{rf) ■ rj for all a: G X. 
Thus /1 is Z\-distributed. 

Proposition 7.2. Let A be a unital simple C* -algebra with tracial state space 
T(A). Let (j) : C(X) — > A be a monomorphism. Then there is an increasing map 
A : (0, 1) — ► (0, 1) such that /i TO is A- distributed for all r G T(A). 

PROOF. Fix r] G (0, 1). For each x G X, define f x>n G C(X) + with < / X)7) < 1 
such that f x ,r](x) = 1 if x G 0(x,rj/A) and f x ,ri(x) = if x ^ 0(x,rj/2). Since A is 
simple, there is d(x) > such that 

r(0(/x lfl )) > d(a:)/t? for all r G T(A). 

Thus 

p T ocf,{0(x,r]/2)) > d(x) ■ r/ 
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for all x e X. Then, as shown above, one sees that (i T0 ^ is A-distributed for 

A(r)) = mm{d(xi) : i = 1,2, m} 
for r] e (0, 1) and for all r G T(A). □ 

Definition 7.3. Let e > and let T C C(X) be a finite subset. Let 1 > A > 
be a positive number. We say that a Borel probability measure is (e, T , T>, A)- 
distributcd, if there exists an 77/2-dense finite subset V = {x\,X2,—,x m } C X, 
where < rj < min{ 2 + m ax{|f/||-/e.7 r } }' a x,e/32,F, and an integer s > 1 satisfies the 
following: 

(1) O l n Oj = 0, if i + j, 

(2) n{Oi) > r] ■ A, i = 1, 2, to, where 

Oj = {s £ I : dist(x, £j) < ?y/2s}, i = 1, 2, to. 
Here we assume that 

ri/s < min{dist(xi, Xj), i 7^ j}. 

If there is an increasing map A : (0, 1) — * (0, 1) such that /1 is A-distributed, 
then, for any e > and any finite subset T C C(X), there exists 77 > 0, a finite 
subset V which is 77/2 -dense, an integer s > 1 such that ^ is (e, JF, D, A(rj/2s))- 
distributed. 

Theorem 7.4. Le£ X 6e a finite CW-complex with a fixed metric. For any 
e > 0, any finite subset T C C(X), A > 0, r\ > and s > 1, t/iere exists <5 > and 
a finite subset Q C C(X) satisfying the following: 

Suppose that A is a unital separable simple C* -algebra with tracial rank zero, 
h : C(X) — > A is a unital monomorphism and u € A is a unitary such that [i ra h is 
(e, T ,V, A) -distributed for some finite (rj/2-dense) subset V and for all r € T(A), 

\\[h(a),u]\\ < S for all aeG and Bott(/i,u) = 0. (e7.1) 

Then, there exists a continuous rectifiable path of unitaries {u t : t € [0, 1]} of A 
such that 

u = u, mi = 1a and \\ [h(a),u t ] \\ < e for all a £ T and t £ [0, 1]. (c7.2) 
Moreover, 

Lcngth({u t }) < 2tt + en. (e 7.3) 

Proof. We first show that we may reduce the general case to the case that X 
is a connected finite CW complex. We may assume that X — U^ =1 Xj which is a 
disjoint union of connected finite CW complex Xi. Let ei be the function in C(X) 
which is 1 in Xi and zero elsewhere. Suppose that we have shown the theorem 
holds for any connected finite CW complex. 

Let Si be required for Xi, i = 1,2, k. Put 6 — min{c>i/2 : i = 1, 2, k}. Put 
Pi = h(ei). Then with a sufficiently large Q, we may assume that ||[Pj,u]|| < 8. 
There is, for each i, a unitary Ui € PiAPi such that 

n 

\\PiuPi-Ui\\ < 25 and < 25. 

Note that the condition Bott(h, u) = implies that 

Bott(hi,Ui) = 0, i = 1, 2, k, 
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provided that S is small enough. These lines of argument lead to the reduction of 
the general case to the case that X is a connected finite CW complex. 

For the rest of the proof, we will assume that X is a connected finite CW 
complex. 

Let e > and T C G(X) be a finite subset. We may assume that 1 £ J 7 . Let 
F' = {/ <8> a : f £ T and a = z, or a = 1} C C(X x S 1 ). 
Let r) be positive so that 

^ <min{ l + max { ||/||:/en'^ /3 ^ } - 
It follows that if g £ T' , then 

\g[z) - g(z')\ < e/32 for all g £ T' 

if dist(z, z') <T] (z,z' £ X x S 1 ). Let s > 1 be given and A > 0. 

To simplify notation, without loss of generality, we may assume that T is in the 
unit ball of C{X). Choose I to be an integer such that 2567r/Z < min{r//4s, e/16}. 
Let 

a = A/81. 

Let 7 > 0, 6i > 0, Q x C C(X x S 1 ) be a finite subset and V C K(C(X x S* 1 )) be 
a finite subset which are required by Theorem 4.6 of [32j associated with e/16, T' 
and a above. Without loss of generality, we may assume (by choosing smaller 8\) 
that Qi = J^x^S, where T\ C C(X) is a finite subset of C(X) and S = {z, lQtgiy}. 
We may also assume that T\ D T and <5i < e/32. 

Let Vc(x) ^ K(C(X)) be associated with Bott map as defined in 12.101 We 
may assume that /3(Pc(x)) C V . 

Let 6 > and 6 C bea finite subset required by Lemma (|6.4|) associated 

with $i (in place of e), T\ (in place of T), rj, o\ — A and with So — Si and Qq =Q\. 

Let ft be a homomorphism and u £ A be a unitary in the theorem associated 
with the above S, Q. Since to h is (e, J 7 , T>, Z\)-distributed, there exists an 7y/2-dense 
subset T> — {x\,X2, x m } of X such that Oi n Oj = 0, if i ^ j, where 

Oi = {x £ X : dist(a;, xi) < i]/2s}, i = 1, 2, to 

and such that 

MToft(Oi) >70, i = l,2,...,m (e7.4) 

for all t £ T(A). 

By Lemma 16.41 there is a <5i-C/i-multiplicative contractive completely positive 
linear map (ft : C(X x S 1 ) — > A and a rectifiablc continuous path of unitaries 
{w t : t £ [0, 1]} of A such that 

wo = u, || [0(a), w t }\\ < Si for all a G Qi, (e7.5) 

Length({w t }) < vr + e/47r, (e 7.6) 

|| h(a) - (ft{a® 1)|| < Si, \\<ft(a ® z) — h(a)wi\\ < Si for all a £ Ti and (e7.7) 

Z\r? 

HT°d>(p{xi x t,)) > -^i for all r e T(A), (e7.8) 

where 

0(a?i x tj) — {(x x t) £ X x S" 1 : dist(x, arj) < ?7/2s and dist(t,tj) < 7r/4?}, 
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i = 1,2, m, j — 1, 2, I and {ti, £2, U} divides the unit circle into I arcs with 
the same length. We note that, by (|e 7.7|) . 

IK - 0(1 <g) ^)|| < Si. (e7.9) 

Put Oj.j = 0(xi x tj), i = 1, 2, m and j = 1, 2, I. Then 0;^ n 0,-^, = if 
(h j) 7^ j')- We also know that {xi xtj : i = 1, 2, m, j = 1, 2, Z} is 7y/2-dense 
in X x 5 1 . Moreover, 

Mro0(Oij) > 4(777, i = 1, 2, m and j = 1, 2, / (e 7.10) 

Let ei,e2 G A be two non-zero mutually orthogonal projections such that 

r(ei) < mm{7/4, ^77} for all r € T(A), i = l,2. (e7.11) 
By 14.21 there is a unital homomorphism h[ : C(X) — > e\Ae\ such that 

[^ilco(Fx)] = Nco(>*)] ^ M(C(X),i). (e7.12) 
By |2.251 there is a unital monomorphism ip[ : C(X x S 1 ) — > &2A&2 such that 

Wlccy*)] = {0} in KK(C(X), A), (e7.13) 

since it factors through C([0, 1]). 

Define Vi : C{X x S 1 ) -> (d + e 2 )A(ei + e 2 ) by -01 (a ® ff) = hi{a)g{l)e x ® 
^i(a (g) ff ) for all a e C(X) and g € C^S 1 ). 

By 14. 4[ there is a unital homomorphism ip2 ■ C(X x S 1 ) — * (1 — e)A(l — e) 
with finite dimensional range such that 

|ro 0(a) - to ^2(o)| < 7/2 and /J T o^ 2 (Oi,j) > 3ct?7 for all r e T(A) (e7.14) 

and for all a 6 Q\. 

Define ^ : C(X x S 1 ) — ► A by ^(a) = ^i(a) © M a ) for all a € C(X). It follows 
that fsee l2~TU|) 

MIp = MIp- (e7.15) 

By (|e7.14|) and I|e7.1ip . 

\roip(a) -to 0(a) I < 7 for all r e T(A) (e7.16) 

and for all o £ ft, and 

I^To^(Oi,j) > at] for all t G T(A), (e7.17) 

i = 1, 2, m and j = 1, 2, I. 

By Theorem 4.6 of [32 and the choices of Si and Gi, we obtain a unitary Z E A 
such that 

ad Z o w e/16 on .F'. (e 7.18) 

Note that ad Zo?/> is a unital monomorphism. Put Hi = ad Zoip and /i 2 : C(X) — > v4 
by /i 2 (/) = Hi{f ® 1) for all / e C(X). So /i 2 is a monomorphism. By (|e 7.15)) and 
0(Pc(x)) C T 3 , we conclude that 

Bott(/i 2 (/),#i(l®z)) = 0. (e7.19) 

We now apply EH] to the monomorphism I12 (for / S C(X)) and the unitary 
it' = Hi(l ® z). We obtain a continuous path of unitaries {u* : i € [0, 1]} C A such 
that 

«b=fl- 1 (l®«) ) «i = l A , ||[V>(/®l),«t]||<e/16 (e7.20) 
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for all t G [0, 1] and for all / G T. Moreover, 

Length({w t }) <n + en/8. (e 7.21) 

By (le 7.181) and (jeTTf . 

||[/i(a),w t ]|| < e/8 for all a e ^ and for all t G [0, 1]. (e7.22) 
Then by (|eT^)) 

||^i — wi|| < e/8. (e7.23) 

By connecting the path {wt} and {t>t} appropriately, we see that the theorem 
follows. 

□ 

Remark 7.5. When X, e and T are given, 77 is also determined. Given 
77, one can find an integer s > 1 that works for at least one 77/2-dense subset 
{xi,a;2, ...,x m }. The statement of the Theorem 17.41 savs that S does not depend on 
V as long as V is 77/2-dense and rj/s < min{dist(a;j, Xj) : i ^ j}. 

Such V is called 77/2-dense and s-separated. If we fix one such s(r]) which 
depends on the choice of 77, and since 77 is determined by X, e and we may 
rewrite Theorem 17.41 as follows: 

Theorem 7.6. Let X be a finite CW-complex with a fixed metric. For any 
e > 0, any finite subset T C C(X), A > 0, there exists S > and a finite subset 
G C C(X) satisfying the following: 

Suppose that A is a unital separable simple C* -algebra with tracial rank zero, 
h : C(X) — > A is a unital monomorphism and u € A is a unitary such that fi TO h 
is (e, J- ',T>, A) -distributed for some finite subset D (which is rj/2-dense and s(r])- 
separated) and for all r G T(A), 

\\[h(a),u]\\ < S for all aeG and Bott(/i,u) = 0. (e7.24) 

Then, there exists a continuous rectifiable path of unitaries {ut : t G [0, 1]} of A 
such that 

uq = u, lii = 1a and \ \ [h(a), u t ]\\ < e for all a £ J- and t G [0, 1]. (e 7.25) 
Moreover, 

Length({u t }) < 2tt + en. (e 7.26) 

Corollary 7.7. Let X be a connected finite CW-complex with a fixed metric 
and let A : (0, 1) — > (0, 1) be an increasing map. For any e > 0, any finite subset 
T C C(X), a unital separable simple C* -algebra A with tracial rank zero and 
a unital monomorphism h : C{X) — > A for which fJ. TO h is A-distributed for all 
t G T(A), there exists S > and a finite subset G C C(X) satisfying the following: 
If u G A is a unitary such that 

||[ft(o),tt]|| < S for all aeG and Bott(h,u) = 0. (e7.27) 

Then, there exists a continuous rectifiable path of unitaries {ut ■ t G [0,1]} of A 
such that 

uq = u, u\ = 1a and \\ [h (a), u t ] || < e for all a G T, t G [0, 1]. (e7.28) 
Moreover, 

Length({u t }) <2n + en. (e 7.29) 
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Of course we can omit the mention of A, if we allows <5 depends on h. 

Corollary 7.8. Let X be a finite CW-complex with a fixed metric. For any 
e > 0, any finite subset T C C(X), a unital separable simple C* -algebra A with 
tracial rank zero and a unital monomorphism h : C(X) — > A, there exists 5 > and 
a finite subset Q C C(X) satisfying the following: If u £ A is a unitary such that 

||[ft(o),u]|| < 5 for all a £ G and Bott(ft,u) = 0. 

Then, there exists a continuous rectifiable path of unitaries {u t : t £ [0,1]} of A 
such that 

Mo = u, Mi = 1a and \\[h(a) , Ut]\\ < e for all a £ T and t £ [0,1]. 
Moreover, 

Length({w t }) <2n + e. 



8. The Basic Homotopy Lemma — compact metric spaces 

Theorem 8.1. Let X be a compact metric space which is a compact subset of 
a finite CW complex. For any e > 0, any finite subset T C C(X) and any map 
A : (0, 1) — ► (0, 1), there exists 6 > 0, a finite subset Q C C(X) and a finite subset 
V C K(C(X)) satisfying the following: 

Suppose that A is a unital separable simple C* -algebra with tracial rank zero, 
h : C(X) — > A is a unital monomorphism and u £ A is a unitary such that \x TO h is 
A- distributed for all r £ T(A), 

||[ft(o),u]|| < S for all a £ Q and Bott(ft,u)| P = 0. (e8.1) 

Then, there exists a continuous rectifiable path of unitaries {u t : t £ [0,1]} of A 
such that 

u = u, ui = 1a and \\ [h(a), u t ]\\ < e for all a £ T and t £ [0, 1]. (e8.2) 
Moreover, 

Length({u t }) < 2tt + en (e 8.3) 

Proof. Without of loss of generality, we may assume that there is a finite CW 
complex Y' such that X C V is a compact subset (with a fixed metric). 

Let e > and T C C(X) be a finite subset. We may assume that 1 £ T . Let 
S = {l C ( S i),z}. To simplify notation, without loss of generality, we may assume 
that J 7 is a subset of the unit ball of C(X). 

Let 

T' = {/ <g> a : / e T and a £ S} C C(X x S 1 ). 
Let r]\ > so that 

^ < ^64(1 + ^0/11 :/e^})'^^ } - 
It follows that if g £ J 7 ', then 

\g(z)-g(z')\ <e/64 for all g £ T' 

if dist(z,z') <n (z,z' £ X x S 1 ). 

By the Tietz Extension Theorem, one has £ C(Y') such that {gj)\x = f and 
\\g f \\ - ||/j| for all / e T. Put G' ao = {g f £ C(Y>) : / e T}. Let m = ay, , e/M , g!m . 
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It is easy to construct a finite CW complex Y C Y' such that X C Y and X is 
min{?7o/2, ?7i/4}-dense in Y. Put 

Go = {g € C(T) : g\ Y = Qf for some / e J"}. 

We estimate that 

OY, e /32,g - (J A,e/64,^- (e8.4) 

Let 77 = 771/2. Put 

Go = {9 <8> / e C(Y x^i/ego and .g e 5}. 
It follows that if g e then 

\g{z)-g[z')\ < e/32 for all g e G' 

if dist(z,z') < r) (z,z' e Y x S 1 ). 

Suppose that X contains an 77/2-dense subset which is s(?y)-separated. Let 
A : (0, 1) — > (0, 1) be an increasing map and Z\ = Z\(ry/2,s). 

Choose an integer I such that 256ir/l < min{?7/4s, e/4}. Let 

a = A/81. 

Let 7 > 0, <S X > 0, Gi C C(F x S 1 ) be a finite subset and V\ C X(C(Y x S* 1 )) 
be a finite subset which are required by Theorem 4.6 of [32] associated with e/4, 
G' and <7 above. Without loss of generality, we may assume (by choosing smaller 
5\) that Gi = F\ ® S, where T\ C C(Y) is a finite subset of C(Y). We may also 
assume that T\ ID T and S\ < e/4. 

Let 5 > and C C(X) be a finite subset required by Lemma (|6.4j) associated 
with (in place of e), T\ (in place of T), 77, cri = A and with (5i (in place of Sq) 
and t/i (in place of Go). 

Let V = [9](Vi), where : C(Y) -> C{X) is the quotient map. Let h be a 
homomorphism and u e 4 be a unitary in the theorem associated with the above 
6, G and V . Moreover, we assume that r o h is (e, T , T>, ^-distributed, so there 
exists an 7i/2-dense subset V — {x\, x%, x m } of X such that O,; n Oj = 0, if i ^ j, 
where 

Oi = {1 G X : dist(ir, Xi) < r)/2s}, i = 1,2, m 
for s = s(r/) > given above and such that 

Mroft(Oi) >r)A, i= 1,2,... ,m (e8.5) 

for all r 6 T(A). Note here we assume that 77/s < min{dist(a;i, Xj) : i 7^ j}. 
Note also that {xi,X2, ...,x m } is ?7i/2-dense in Y. 

By Lemma 16.41 there is a ^-^-multiplicative contractive completely positive 
linear map <f> : C(X x S 1 ) — * A and a rectifiable continuous path of unitaries 



{w t :te [0, 1]} of A such that 

w a = u, || [0(a), w t }\\ < Si for all a € Gi, (e8.6) 

Length({w t }) < vr + e-Tr/4, (e8.7) 

||ft(a) - 0(a ® 1)|| < £ l5 || 0(a ® 2) - h(a)Wi || < £ x for all a e ^ and (e8.8) 

AW(0(z; x *,•)) > fOT a11 r e (e8.9) 
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where 

0(xi x tj) = {{x x t) e X x S 1 : dist(x,Xi) < r\j2s and dist(i,ij) < n/Asl}, 

i = 1, 2, m,j = 1, 2, I and {ti, t2, t{\ divides the unit circle into I arcs with 
the same length. 
Put 

Oi,j — {(y x t) e Y x S 1 : dist(?/,Xi) < rj/2s and dist(t,i,) < 7r/4sZ}, 

i = 1,2, ...,m and j = 1,2, Then Ojj n CV,-,- = if (i, j) 7^ (»', j')- We also 
know that {xi X t j : i = 1, 2, m, j = 1,2, ...,1} is ^/2-dense in X x S . Define 
$ : C(y x S 1 ) — > A by *(/) = <£(0(/)) for all / e C(Y x S* 1 ). Moreover, 

H TO <s>(Oi t j) > 4ar), i = 1,2, m and j = 1, 2, (e 8.10) 

Write Y = U^ =1 Y k , where each Y k is a connected finite CW complex. Fix a 
point £fc £ Ffc for each k. Let -E^ be the characteristic function for Y k , k = 1, 2, i?. 
For the convenience, one may assume that [-Efc] G Pi. Denote by = -Efc x 1(7(5!), 
fc = 1,2,..., R. 

Put efc = h(9(Ek)), k = 1,2, ...,R. Choose nonzero projection d k < e k in A, 
k = 1, 2, i? such that 

7-(d fc ) < min{^, ^} for all r e T(A), (e8.ll) 

k = 1,2, i?. We may assume that e k — d k 7^ 0, fc = 1, 2, i?. 

Bv l4.4[ there isaunital homomorphism -02, fc : CXYxS' 1 ) — + (e k — d k )A(e k — d k ) 
with finite dimensional range such that 

|ro(^a^))-ToV 2 ,fe(a)| <min{ 7 /2i?,^} for all r £ r(A) (e8.12) 
and for all a € £1, fc = 1, 2, Set e = d,. Then, by (|e8.1ip . 

r(e) < min{-, ^-^} for all r e T(A). (e8.13) 

Define V>2 : C(Y x S 1 ) -» (1 - e)A(l - e) by ^(/) = EtiMKf) 
/ 6 C(Y x Then we have 

(7 • Tj 

\t o o 0(a)) - r o r/>a(a)| < min{7/2, — — } and Hro^(Oi,j) > 3ar} (e8.14) 

for all r G T(A) and for all 

By |4.2l there is a unital monomorphism /in : C(Y) — > dkAdk such that 

[>H,klcb(v»\{&})] = [( /l °^)lco(Y-Afe})] in ^i(C(r fc ),A), (e8.15) 

fc = l,2,....,i?. Define h^f) = ®% =1 h 1<k (E k f) for / e C(Y). 

Define Vi : C(Y x S 1 ) -> eAe by 0i(a 05) = fti(a)s(l)e for all a € C(Y) and 

geCiS 1 ). 

Define V : C(Y x S 1 ) — > A by ip(a) = ipx(a) ip 2 {a) for all a € C(Y). We have 
/ii(^fe) = e k = ho 9(E k ), k = 1, 2, i?. It follows from this, (|e8.15j) andOthat 

= [4>°0]k (e8.16) 

By (|e8.14|> and (|e8.13p . 

|r o</>(a) -to 00 0(a)! < 7 for all reT(A) (e8.17) 
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and for all a £ Gi, and 

^(Oij) > <ir) for all t 6 T(A), (e8.18) 

i = 1, 2, m and j = 1, 2, I. 

By Theorem 4.6 of [32 and the choices of <5i and Gi, we obtain a unitary Z £ A 
such that 

adZo^ e/4( /)o0 on ^. (e8.19) 

Since tp2 has finite dimensional range, from the definition of ip\ and ip, we 
obtain a rectifiable continuous path of unitaries {Ut : t £ [0, 1]} of A with 

Length({f7 t }) < n + en/2 (e 8.20) 

such that 

U =ip(l®z), Ux = 1 A and ||[V»(o® l),C/ t ]|| =0 (e8.21) 

for all a e JF and for all i € [0, 1]. 

Put Wi = Z*U t Z for t e [0, 1]. Then Wi = 1 A . We also have that (by ([eM]) 
and ([e 7.18p ) 

||Wo-«|| <^i + ||W o -0(l(g)z)|| < e/4 + e/4 = e/2. (e8.22) 

Moreover, 

|| [W t ,0(a® 1)|| < e/2 for all a e T. (e8.23) 

By (|eK5|) . (|e8.19j) and using the fact (|e8.22j) and (|c8.20p . and using the path {w t } 
and the path {Wt : i S [0, 1]}, we obtain a rectifiable continuous path of unitaries 
{u t : t e [0, 1]} of A such that 

u = u, ui = 1a, II [h(aj, ut] || < e (e8.24) 

for all a e J 7 and for all i S [0, 1] and 

Length({u t }) <2ir + en. (e 8.25) 

□ 

Remark 8.2. One can absorb the proof of Theorem 17.41 into that of Theorem 
18.11 However, it does not seem necessarily helpful to mix the issue of dependence of 
S on a local measure distribution (X, J 7 , T>, A) together with other constants such 
as 7] and s with the issue of reduction of a compact subset X of a finite CW complex 
to the special situation that X is a finite CW complex. 

Theorem 8.3. Let X be a compact metric space. For any e > 0, any finite 
subset T C C(X) and any map A : (0, 1) — ► (0, 1), there exists S > 0, a finite subset 
G C C'(X) and a finite subset V C K_{C(X)) satisfying the following: 

Suppose that A is a unital separable simple C* -algebra with tracial rank zero, 
h : C{X) — > A is a unital monomorphism and u £ A is a unitary such that \i TO h * s 
A-distributed for all r £ T(A), 

\\[h{a),u]\\ < 6 for all a £ G and Bott{h,u)\ v = 0. (e8.26) 

Then, there exists a continuous rectifiable path of unitaries {ut ■ t £ [0,1]} of A 
such that 

uq = u, 7x1 = 1,4 and \\[h{a),Ut]\\ < e for all a £ J- and t £ [0, 1]. (e8.27) 
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Moreover, 

Length({u t }) < 2?r + en. (e 8.28) 

Proof. It is well known (see, for example, [40p that there exists a sequence of 
finite CW complex Y n such that C(X) — lim n _ >00 (C(F„), A„). By replacing Y n by 
one of its compact subset X n , we may write C(X) — lim„_ >00 (C(-X' ri ), A Tl ), where 
each A n is a monomorphism form C(X n ) into C(X). Thus there is a surjective 
homeomorphism a n : X — > X n such that A„(/) = / o a n for all / 6 C(X n ). 
Now fix an e > and a finite subset T C C{X). Let 771 = <Jx,<i/§A,F- 
There is an integer N > 1 and a finite subset T\ C C(Xjy) such that, for each 
/ G J 7 , there exists 3/ G C(ATjv) such that 

||/-Aiv(<?/)|| <e/4. (e8.29) 

Suppose that A : (0, 1) — > (0, 1) is an increasing map. For each 77 > and 
y E Xn, there is x(y) £ X and r(y, 77) > such that 

a*(0(a;(y), r(y))) C0(y,r,). (e8.30) 

Since 

U :Ee x J vO(x,7 ? /2) D X N , 
there are yi, 2/2, 2/m G AT^ such that 

Now for any y G ATjv, y G 0(yk,rj/2) for some fc G {1,2, ...,m}. Then 

0(y, V ) D 0(y k , V /2). 

Put 

= min{r(?/ fe , 77) : k = 1,2, m} > 
Define Z\i : (0, 1) (0, 1) by 

A x (rj) = A(fj) for all r, G (0,1). 

Let { > 0, 5i C C(ATat) be a finite subset and V\ C K_(C(Xn)) be a finite 
subset required by 18.11 associated with e/4 (in place of e), Xn(^Fi) (in place of T) 
and At : (0,1) -> (0,1). 

Put7>= [(Xn)](Vi) in X(C(X)). 

Suppose that h : C{X) — > A is a unital monomorphism and ueiisa unitary 
satisfying the conditions in the theorem associated with the above 5, Q , V . 
Define h x : C(Y) A by hi o \ N = h. Then 

||[/ii( 5 ),u]|| < 6 for all 3 G Gi, 

Bott(/ii,u)|- Pl = 0. 

Moreover one checks that /J, TO hi is ^i-distributed. By the choices of 5, Q\ and V\, 
by applying 18. li one obtains a continuous path of unitaries {u t : t G [0, 1]} C A 
with 

length({u t }) < 2-7T + en 

such that 

u = u, Mi = 1 and ||[/ii(/),u t ]|| < e/4 (e8.31) 
for all / G T\. It follows from (|e 8.31|) and (|e 8.29[) that 

|| [h(f), u t ] || <e for all / G T. 



54 2. THE BASIC HOMOTOPY LEMMA FOR HIGHER. DIMENSIONAL SPACES 

□ 

Corollary 8.4. Let X be a compact metric. For any e > 0, any finite subset 
T C C(X), a unital separable simple C* -algebra A with tracial rank zero and a 
united monomorphism h : C(X) — > A, there exists 6 > 0, a finite subset Q C C'(X) 
and a finite subset V C K(C(X)) satisfying the following: If u £ A is a unitary 
such that 

||[ft(o),u]|| < 5 for all aeG and Bott(h, u)\ v = 0. (e8.32) 

Then, there exists a continuous rectifiable path of unitaries {ut : t £ [0,1]} of A 
such that 

|| [h(a), u t ] || < e for all a S T, uq — u and Ui = Ia- (e8.33) 

Moreover, 

Length({w t }) < 2vr + e. (e 8.34) 

Corollary 8.5. Let X be a compact metric space. For any e > 0, any finite 
subset T C C(X), a unital simple separable simple C* -algebra A with tracial rank 
zero and a unital monomorphism h : C(X) — > A. 

If there is a unitary u € A such that 

h(a)u = uh(a) for all a E C(X) and Bott(h,u) = 0. (e8.35) 

Then, there exists a continuous rectifiable path of unitaries {ut : t £ [0,1]} of A 
such that 

|| [h(a), u t ] || < e for all a£T,u^ — u and ui ~ 1a- (e8.36) 

Moreover, 

Length({w f }) < 2tt + e. (e 8.37) 

9. The constant S and an obstruction behind the measure distribution 

The reader undoubtedly notices that the constant S in Theorem 13.71 and in 
13.121 is universal. But the constant 8 in Theorem 17.61 and in Theorem 18.31 is not 
quite universal, it depends on the measure distribution fi TO h- The introduction of 
the concept of measure distribution is not just for the convenience of the proof. In 
fact it is essential. In this section we will demonstrate that when dim(X) > 2, the 
constant can not be universal for any such space X whenever A is a separable non- 
elementary simple C*-algebra with real rank zero and stable rank one. There is a 
topological obstruction for the choice of 6 hidden behind the measure distribution. 

Lemma 9.1. Let A be a unital separable simple C* -algebra with stable rank 
one. Suppose that {d n } and {e n } are two sequences of non-zero projections such that 
there are k(n) mutually orthogonal and mutually equivalent projections q(n, 1), q(n, 2), 
q(n, k{n)) in e n Ae n each of which is equivalent to d n , n = 1,2, .... 

Let d — {d n } £ l°°(A) and let Id be the (closed two-sided) ideal of l°°(A) 
generated by d. Then e = {e n } £ I c i if limk^ook(n) = oo. Moreover, n(e) $ Tr(Id), 
where tt : l°°(A) — > qoo(A) is the quotient map. 
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Proof. Let r be a quasitrace of A. Define t n (a) = r(a)/r(d n ) for all a e A s . a . 
Suppose that 7r(e) € ir(Id)- There there e such that 

m 

a = *^^x*dxi ~ e E cq(A). (e9.1) 

i=l 

Suppose that a = {a„}, a;, = {x(i, n)} and i = max{||xi|| : i = 1, 2, to}. Then 

lim ||a„|| = 0. (e9.2) 

n^oc 

Thus, for all sufficiently large n, 

Lm+l> t n (e n ) > k(n). (e9.3) 

This is impossible. 

□ 

Lemma 9.2. Lef X be a connected finite CW complex with dimension at least 
2 and letY C X be a compact subset which is homeomorphic to a k-cell with k > 2. 
Let A be a unital C* -algebra and let hi : C(Y) — > A be a unital homomorphism. 
Define h = h\ o ir, where tt : C(X) — » C(Y) is ifte quotient map. Then, for any 
sufficiently small 5, any sufficiently large finite subset Q C C(X) and any unitary 
we A with [u] = {0}, 

Bott(/i,u) = {0}, (c9.4) 
provided that \\ [h(a), u]\\ < S for all a e Q. 

Proof. Let {pi e M n ( i )(C(X)) : i = 1,2, be fc projections which gen- 

erate Kq{C{X)). Assume that pi has rank r(i) < n(i), i — 1,2, ...,k. Since Y is 
contractive, there is a unitary Wi € M„( i )(C(F)) such that 

w*ir(pi)wi = l r (j), i = 1, 2, fc, (e9.5) 

where l r (j) is a diagonal matrix in M n u\ with r(i) l's and n(i) — r(i) zeros. There 
is di € M„( i )(C(X)) such that 7r(aj) — Wi, i — 1, 2, fc. 
Put 

n(») 

_ diag(u,uf!~u). 

Then, for sufficiently small 5 and sufficiently large Q 7 

M<)(%iK W )M^) h{a lPl )u n ^h( ai ) (e9.6) 

~i/i6 lr(i)«" (i) - (e9.7) 

It implies that 

- W (in KM))- (e9.8) 

This implies that 

botto(/i, u) = 0. 

The fact that 

botti(/i, it) = 
follows from the fact that Xi(C(Y)) = {0}. 

Since Ki(C(Y x S 1 )) is torsion free (i — 0, 1), we conclude that 

Bott(/i, u) = 0. 

□ 



56 



2. THE BASIC HOMOTOPY LEMMA FOR HIGHER. DIMENSIONAL SPACES 



A continuous path with length L may have infinite Lipschitz constant. Note in 
the following lemma, {vt ■ t £ [0, 1]} not only satisfies the Lipschitz condition but 
also its length does not increase. 

Lemma 9.3. Let L > be a positive number, let C be a united C* -algebra and 
let M > 0. Then, for any e > 0, there is S > satisfying the following: 

Let A be a unital C* -algebra, let Q C C be a self-adjoint subset with \\f\\ < M 
for all f £ Q, {ut : t £ [0, 1]} be a continuous path of unitaries and let h : C — > A 
be a monomorphisra such that 

u\ = 1, || [h(g), Ut] || < S for all g £ G and for all t £ [0, 1] 

and 

Length({u t }) < L. (e9.9) 
Then there is a path of unitaries {vt : t £ [0, 1]} such that 

Vq = M , Vl = 1, 

\\h(g),v t ]\\ < e for all g £ Q and t £ [0, 1], 
Length({v t }) < L. 

Moreover, 

||«t-«t'|| <L\t-t'\ 

for all t,t' £ [0, 1]. 

Proof. Let = to < ii < • • • < t m = 1 be a partition of [0, 1] such that 

< Length({u t : t £ [t l -i,t l ]} < tt/2, (e9.10) 

i = 1,2,..., m. 

Put Wi — ttt ( , i — 1,2, ...,m. Then there is a rectifiable continuous path 
from Wi to 1 with length no more than tt/2. It follows that 

sp(wi) CS = {e t7rt : t £ [-1/2, 1/2]}. 

Then 

F(e***) = t 

defines a continuous function from S to [—1/2, 1/2]. Then 

Wi — exp(\/—lnF(wi)), i — 1, 2, m. 

Function F does not depend on Wi nor A. 

Since Q is self-adjoint and ||/|| < M for all f £ G, there is a positive number 6 
depending on e, M and F only, such that, if 

|| [%), lit] || < 5 for all g £ Q and t £ [0, 1], 

then 

\\[h(g),exp(V^TntF(w t ))}\\ < e (e9.11) 
for all t £ [0, 1] (cf. 2.5.11 of [28] and 2.6.10 of [28]). Let 

li = Length({u t : t £ ,*»]}), i = 1,2, ...,m. 

Then 

||7rF(wi)|| = ii, i = 1,2, ...,m. 
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Now, define 

v = uo, v t = Ui-i(exp(\f^lTr- — ^— i-F(wi))) for all te[si-i,Si], 

Si - Sj_i 

where sq = 0, Sj = 53}=i ^/-^i i = 1,2, to. Clearly, if t, t' G [sj_i, s$], then 

= || exp(x/^ - ~ FW) - exp(^7T - ~ ^ F(^))|| 

■5? 5?— i Si — 1 

< \\irF{w i )\\^f f p-=L\t-l/\. (e9.12) 

One then computes that 

\\v t -vt>\\<L\t-t'\ for all t,t' € [0,1] (e9.13) 

□ 

The following follows from Zhang's approximately halving projection lemma. 

Lemma 9.4. Lei A &e a non- elementary simple C* -algebra of real rank zero and 
let p € A be a non-zero projection. Then, for any integer n > 1, there exist mutually 
orthogonal projections pi,p2, ■■■,p n +i such that pi is equivalent to pi, i = 1,2, ...,n, 
p n +i is equivalent to a projection in piApi and 

n+l 

P=^Pi- 

1=1 

PROOF. Fix n. There is m > 1 such that 2 m > 2n 2 . Write 

2™ = ns + r, r < s, 

where s > 1 is a positive integer and r is a nonnegative integer. It follows that 
s > n. 

By Theorem 1.1 of 50 , there are mutually orthogonal projections q\, q%, ?2 m +i 
such that q\ is equivalent to g%, k = 1,2, ...,2 m , and <72 m +i is equivalent to a pro- 
jection in q\Aq\. Put 

is 

Pi= 9fe " * = l,2,...,n and 

fe=(i-l)s+l 

2ns+r 

Pn+1 = + X! 9fe - 

One checks that so defined pi,p2, ■■■,Pn+i meet the requirements. 

□ 

Theorem 9.5. Let X be a connected finite CW complex with dim(X) > 2 and 
let A be a unital separable simple C* -algebra with real rank zero and stable rank 
one. 

Then there exists a sequence of unital monomorphisms h n : C(X) — > A and a 
sequence of unitaries {«„} C A satisfying the following: 

lim ||[tt n ,/i n (a)]|| = and Bott(7i n ,u„) = {0},n= 1,2, (e9.14) 

n — >oo 

for all a G C(X), and, for any L > 0, there exists eo and a finite subset T C C(X) 
such that 



58 



2. THE BASIC HOMOTOPY LEMMA FOR HIGHER. DIMENSIONAL SPACES 



sup{sup{||K(i),/i„(a)]|| :te [0, 1]} : a G J-} > eo (e9.15) 

for any sequence of continuous rectifiable path {u n (t) : t S [0, 1]} of unitaries of A 
for which 

u n (0) = u n , u n (l) = l A and Length({u t }) < L. (e9.16) 

Proof. For each integer n, there are mutually orthogonal projections e„, 
p(n, l),p(n, 2), ...,p(n, n 3 ) in A such that p(n, 1) is equivalent to every p(n,i),i = 
2, 3, n 3 , and 

n 3 

[e„] < [p(n, 1)] and e„ + 2jp(n, i) = 1a- 

i=l 

by 19.41 Since dimX > 2, there is a subset Xq C X which is homeomorphic to 
a (closed) fc-cell with dimension of Xq is at least 2. There is a compact subset 
y C Xq such that Y is homeomorphic to S 1 . Without loss of generality, we may 
write Y = S 1 . By I2.25[ we define a monomorphism hffi : C([0, 1]) — > e n Ae n 
and let /loo : C(X) — > C([0, 1]) be a monomorphism. Put -0 n = /in o /i o. Let 
{e^j : 1 < i,j < n 3 } be a system of matrix unit for M„3. By mapping ei i to 
p(n, 1), we obtain a unital monomorphism j n : M n 3 — *• (1 — e n )A(l — e n ). Put 

ni 

E(n,i)= ^2 P( n >j)> « = 1,2, ...,n 2 . 

i=n(i-l)+i 

j„ induces a unital homomorphism j„,i : M n — > E(n,i)AE(n,i), i = l,2,...,n 2 . 
We will again use for the extension from M2(M n ) to M2(E(n 7 i)AE(n 7 ij), 
i = 1, 2, n 2 . As in [10] . [11] and |38| there are two sequences of unitaries {u' n } 
and {v' n } in M n such that 

lim \\u' n v' n - i4<|| = and rank{[e(u„, v' n )}} = n-l. (e9.17) 

n — >oc 

Denote p' n = ( ?. J and = e(w^,w^) in M2(M n ). There are partial isometries 



w'j £ Mi{Mn) such that — is a rank one projection in M2(M n ). 

Define p„ = j n s(p' n ), q n = jnAl'n) and w « = Jn,i(w' n ), i = l,2,...,n 2 and 
n = 1,2,.... Define 0^ : C^S 1 ) -> p(n, j)Ap(n, j) by = fftKi(O) for 

.9 G C^S* 1 ), n = 1,2, and define <p Uyl = (f>' n t o tt', where tt' : C(X) -> C^S 1 ) is 
the quotient map which first maps C{X) onto C(X ) and then maps C(X ) onto 
CiS 1 ). Define ft„ : C(X) -> A by 

M/) = ^n(/)ffiX)^,<(/) (e9.18) 

2=1 

for / € C'(X). Note that /i„ are monomorphisms. Define 

= e n ® y^JW("n)i n=l,2, .... (e9.19) 

j=i 

Since each j n ,i{u n ) is in a finite dimensional C*-subalgebra, 

[u n ] = {0} in ifi(A). (e9.20) 
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We also have 

lim || [h n (f), u n }\\ =0 for all / G C{X). (e9.21) 

n — >oo 

Since tp n factors through C([0, 1]) and factors through C(X ), by (|e9.20p and 

MM 



Bott(/i„,it„) = {0}, n=l,2,.... (e9.22) 

Denote -B = Z°°(A) and Q = q^A). Let iJ : C(X) -> B be defined by {fr„}. 
Let Jd be the (closed two-sided) ideal of -B generated by 

d={E(n,l)}. 



Put 



p = {dia,g(0, jn,l(Pn),jn,2(Pn), ■■; jn,n 2 (Pn)}> 

<7 = {diag(0,i„,i(g^),j„, 2 (g^),...,in,n 2 (gn)} and 

{diag(0,j ni i(w^), j„, 2 (w4J, j n ,„2(«4)}. (e9.23) 



Put 



e=p—w*qw. (e9.24) 
Note that [E(n, 1)] = n[p n — w* L q n w n \. Hence 

[e] = n[E{n,l)]. 

It follows from l9.1l that 

e<£M 2 (I d ) (e9.25) 

Now suppose that the lemma fails. Then, by passing to a subsequence if nec- 
essary, we obtain a constant L > and a sequence of continuous rectifiable paths 
{z\ n) : t € [0, 1]} of A such that 

4 n) = u n , z[ n) = I A and lim || [z\ n \ h n (f)}\\ = 0. (e9.26) 

n — s-oo 

Moreover, for each n, 

Length({z ( (n) }) < L (e9.27) 

It follows from !9.3l that there exists, for each n, a path of unitaries {vt(n) : t e [0, 1]} 
in A such that 

Vo(n) =Zq, lim \\[h n (g),v t (n)}\\ =0 

n — >oc 

for all g eC(X) and 

||«t(n)-«t/(n)|| < L|t-i'| (e9.28) 

for all t,t' € [0, 1] and all n. In particular, {v t (n)} is equi-continuous on [0, 1]. 

Let 7T : B -> Q be the quotient map. Put Z t = 7r({ui}) for f S [0, 1]. By (Ic 9.281) . 
{Z t : t € [0, 1]} is a continuous path of unitaries in Q. Moreover 

=tt({ M „}), Z x = 1 B and Z t (woH(f)) = {noH{f))Z t (e9.29) 

for all / € C{X) and t € [0, 1]. Let 7Tj : Q — > Q/ir{Id). Then ttj o tt o H induces a 
homomorphism W : C(S' 1 ) — » Q/ir{Id) since {e„} € id- We also have 

7f/(Z ) = Tf{{u n }), Tf/CZx) = 1 and ^(Z t )*( 5 ) = *(ff)^/(Z t }) (e9.30) 

for all g 6 C(S' 1 ). However, since e ^ M 2 (J ( /), we compute that 

Bott(*,7f 7 ({«„}) ^ {0}. (e9.31) 



GO 



2. THE BASIC HOMOTOPY LEMMA FOR HIGHER. DIMENSIONAL SPACES 



This contradicts (|e 9.30|> . 

□ 

9.6. As we know that a continuous rectifiable path with length L may fail to 
be Lipschitz, for the future use, applying 19.31 Theorem 18.31 may be written as the 
following. We also remark that Theorem 13 . 1 21 may also be written similarly. 

Theorem 9.7. Let X be a compact metric space. For any e > 0, any finite 
subset T C C(X) and any (increasing) map A : (0, 1) — > (0, 1), there exists 5 > 0, 
a finite subset Q C C(X) and a finite subset V C K(C(X)) satisfying the following: 

Suppose that A is a unital separable simple C* -algebra with tracial rank zero, 
h : C(X) — > A is a unital monomorphism and u £ A is a unitary such that fi TO h is 
A-distributed for all r £ T(A), 

\\[h(a),u]\\ < 5 for all a £ Q and Bott(/i, u)\ v = 0. (e9.32) 

Then, there exists a continuous rectifiable path of unitaries {ut : t £ [0,1]} of A 
such that 

uq = u, u\ — Xa and \\ [h(a), u t ]\\ < e for all a £ T and t £ [0, 1]. (e 9.33) 
Moreover, 

IK-Ut'|| < (2ir + e)\t - t'\ for all t,t' £ [0,1] (e9.34) 
and Length({u t }) < 27r + e. (e9.35) 



Remark 9.8. Let X be a connected finite CW complex, let A be a unital simple 
C*-algebra and let h : C(X) — > A be a unital monomorphism. Suppose that u £ A 
is a unitary such that [h(f),u] = for all / £ C(X). Denote by cj) : C{X x S 1 ) — * A 
the homomorphism induced by h and u. Suppose there is a rectifiable continuous 
path of unitaries {u t : t £ [0, 1]} of A such that || [h(a), u] \\ < e < 1/2 on a set of 
generators. We know that it is necessary that Bott(/i, u) = 0. Theorem 16.11 states 
that under the assumption that <f> is injective, Bott(/i, u) = is also sufficient to 
have such path of unitaries provided that A has tracial rank zero. 

As in the proof of 19.51 if there is a sequence of unitaries u n £ A such that 

lim ||[/i(a),u„]|| = for all / £ C(X), 

n — >oo 

then we obtain a homomorphism \& : C(X x S 1 ) — > q oc (A). The existence of the 
desired paths of unitaries implies (at least) that 

**o|/3i(ifi(CpO)) = 0. 

However, (A) is not simple. Suppose that I C qoa(A) is a closed two-sided ideal 
and 7f : qoo(A) — > q oa (A)/I is the quotient map. Even if ^ is a monomorphism, 
ker7f o \1> may not be zero. The trouble starts here. Suppose that F is a compact 
subset of X such that 

kcr* D {/ £ C(X x S 1 ) : /| FxS i = 0}. 

We obtain a homomorphism <ti : Cff x S 1 ) -> q OD (A)/I. The existence of the 
paths also requires that 



(VxU(px(Ki(C(F)))) = 0. 
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This can not be guaranteed by 5'*o|/3 1 (a:i(c(X))) = when dimX > 2 as we see in 
the proof. The relevant ideals are those associated with diminishing tracial states. 
This topological obstruction can be revealed this way. The requirement to have a 
fixed measure distribution as in 17.61 guarantees that ker7f o \[r = {0} for those ideals. 
Therefore the condition of vanishing Bott maps is sufficient at least for the case 
that A is assumed to have tracial rank zero. 

When dimX < 1, s*i(JsTi((7(X))) = Ki(C(F)), where s : C(X) -> C(F) is the 
quotient map. Thus ideals with diminishing tracial states do not produce anything 
surprising. Therefore, when dimX < 1, as one sees in the section 3, no measure 
distribution are considered. 

In Section 11, we will consider the case that A is assumed to be purely infinite 
and simple. In that case, A has no tarcial states. So there is nothing about measure 
distribution. In turns out, there is no hidden obstruction as we will see in the section 
after the next. 
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Purely infinite simple C*-algebras 

10. Purely infinite simple C*-alegbras 

Lemma 10.1. (Lemma 1.5 of |35j ) Let X be a compact metric space, let T 
be a finite subset of the unit ball of C(X). For any e > and any a > 0, there 
exists rj > such that for any unital C* -algebra A of real rank zero and any 
contractive unital ^-preserving linear map ip ■ C(X) — > A, there is a finite subset 
{xi,%2, x n } C ^ n (ip,J-) which is a-dense in and mutually orthogonal 

projections Pi,P2, ■ ■■,Pn in A satisfying the following: 

n 

U(f)-^2f{Xi)pi-l»l>if)p\\<€ 
i=l 

for all f G T . 

Proof. The statement is slightly different from that of Lemma 1.5 of 35 . 
One can deduce this from Lemma 1.5 of [35 . But it also follows from the proof of 
Lemma 1.5 of |35j . 

□ 

Lemma 10.2. Let X be a compact metric space and let T C C(X) be a finite 
subset. For any e > and any a > 0, there exists S > and a finite subset 
Q C C(X) satisfying the following: 

For any unital C* -algebra B and any unital monomorphism h : C{X) — > B, if 
there exists a unitary u S B such that 

||[%),u]||<a for all g eG, 

then there is a finite a-dense subset {x±, x%, x m } C X and s\, s%, s m (may not 
be distinct) such that (xi, Si) £ S e (?/;, T ® S), i = 1,2, m, where S — {lc(s^), z} 
and where ip(g <8 /) = h{g)f{u) for all g <E C(X) and f e C(S' 1 ). 

Theorem 10.3. Let X be a compact metric space and let e > and let J- C 
C(X) be a finite subset. There is S > and a finite subset Q C C(X) and a finite 
subset V C K_(C(X)) satisfying the following: 

Suppose that A is a unital purely infinite simple C* -algebra and if, 4> : C(X) — » 
A are two unital 6 -Q -multiplicative contractive completely positive linear maps for 
which 

Mv = [4>]\v, (elO.l) 
and ip and <fi are both 1/2-Q-injective, then exists a unitary u £ A such that 

||aduo^(/)-0(/)|| < e for all / e T. (el0.2) 
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Proof. If A is also assumed to be amenable, this theorem follows from the 
combination of a theorem of Dadarlat (Theorem 1.7 of [§]) and Cor 7.6 of [31] , In 
general case, we proceed as follows. 

Let 8\ > and Gi and V be required as in Theorem 3.1 of [13] for e/16 and 
T . Note (as stated before Theorem 3.1 of [13 ) that Theorem 3.1 of [131 applies to 
the case that A is a unital purely infinite simple C* -algebra. We may assume that 

By choosing smaller Si and larger Qi, we may assume that 

[Li]\v = [LzW-p 

if both L\ and L2 are <5i-^i-multiplicative contractive completely positive linear 
map from C(X) to A, and if 

L\ ~s x L2 on Q\- 

Let 771 = min{e/16, <5i/4} and 772 < ox,m,Q-s.- Therefore \f(x) — f(y)\ < rjx for 
all / € Gi, whenever dist(x, y) < 772- Put 773 = min{77i, 772}. 

Let 77 > be required in 110. II corresponding to 773 (in place of e), 772/2 (in place 
of a) and Gi (in place of !F). We may assume that 77 < 773/2. 

Let S > and G C C(X) be a finite subset required by 12.231 associated with 77 
(in place of e) and Gi (in place of !F). We may assume that Gi C G and 8 < 77. 

Now suppose that i/j,<f> : C(X) — > A are two unital (5-^-multiplicative contrac- 
tive completely positive linear maps which are both 1/2-^-injective such that 

Mv = [<t>]\r- (el0.3) 
By Lemma 1.5 of 35 andOU! 

N N' 

U(f)-Y,f&)Pj+Mf)\\<m and IM/J-E/Wi+lM/JII <»fe (el0.4) 
j=i i=i 

for all f E Gi, where {pi,P2, ■•■,Pat} and {p\,p2, ...,pn'} are two sets of non-zero 
mutually orthogonal projections, P = Yfj=iPji p ' = Z)i=iPi> {£b £2, 6v} and 
{?i!?2 7 ■••j^iv'} are two J?2-dense subsets in X and ?/>i : C(X) — ► (1 — P)A{1 — P) 
and ip[ : C(X) — > (1 — P')A(1 — P') are two unital ^-^-multiplicative contractive 
completely positive linear maps. 

By the choice of 772, by replacing 773 by 771 in (|c 10. 4[) . we may assume that 
N = N' and £j = i = 1,2, TV. Since A is purely infinite, we may write Pi = 
Ci + e'i, where &j, are two mutually orthogonal projections such that [e^] = [pj], 
7 = 1,2,. ..,7V. Put #(/) = EiIi/(6)^ + for all / e C(X). There is a 

unitary U & A such that 

U*p! i U = e i , i = l,2,...,N. 

Replacing <pi by ^ and ?/> by ad U o ?/), in (je 10.4)1 . we may assume that pi — p[ and 
P = P' . In other words, we may assume that 

N N 

U{f)-^f{^)pj + <H{f)\\<m and U(f)-J2f&)p* + M)W<m (el0.5) 
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Define ho ■ C(X) -» P AP by h (f) = £f=i for all / £ C(X). By the 

choice of 5i and C/i and by (le 10.3|) . 0i and ipi are <5i/2-^i-multiplicative and 

[<h]\v = [h]\r- ( e10 - 6 ) 
By Theorem 3.f of [13j, there is an integer I > 0, a unitary 
u> € M;+i((l — P)A{1 — P)) and a unital homomorphism 
hoo : C(X) — > M;((l — P)j4(1 — P)) with finite dimensional range such that 

diag(V»i,ftoo) ~e/i6 adioodiag(0i,/i O o) on J 7 . (el0.7) 
By the choice of 772 and by replacing e/16 by e/8 in (|e 10.7jl . we may assume 

that 

N 

haotf) = £ all / G C(X) (e 10.8) 

i=i 

where {gi, q%, g^} are mutually orthogonal projections in M/((l — P)A(l — P)). 
Since A is purely infinite and simple, we may write that pi — q[ + q", where qi and 
q[ are two mutually orthogonal projections such that [qi] = [q^], 1 = 2, N. There 
is a unitary w\ S Mi+i(A) such that 

wlquv = q\ < Pi , i = l,2,...,N. (el0.9) 

Thus, by (|c 10.7|) . we obtain a unitary u £ A such that 

adu o (ho + 0i ) « c /4 ft-o + ipi on J 7 . (e 10.10) 

By (|e 10.5[) . we have 

adit o ip « e on JF. 

□ 

Corollary 10.4. Let X 6e « compact metric space and let T C C(X) be a finite 
subset. For any e > 0, there are S > 0, a finite subset Q C C(X) and a finite subset 
V C K_(C(X)) satisfying the following: 

For any unital purely infinite simple C* -algebra A and any unital 8-Q -multiplicative 
contractive completely positive linear map ip : C(X) — » A which is 1/2-Q -injective 
such that 

Mv = [h]\v, 

for some homomorphism h : C(X) — > A, there is a unital monomorphism <p '■ 
C(X) — > A such that 

||V(/) - 0(/)ll < e for all / e T. 

Proof. For sufficiently small S and large G, we may assume that [h(lc(x))] — 
[1a]- To make h injective, let e £ A be a projection with [e] = [h(lc(X))] such 
that 1 — e 7^ 0. So we may assume that h maps C(X) unit ally to eAe. But then 
[1 — e] = 0. There is a unital embedding 00:02—* eAe. By applying 12.251 we 
obtain a unital embedding ho : C(X) — > Oi- Put hoo = <fio ^o- Then hi = h + hoo- 
Then h\ is a unital monomorphism. We then apply [TUTSI to obtain <j>. □ 

The following is a combination of a result of M. R0rdam [44) . a result of [9] 
and the classification theorem of Kirchberg-Phillips . 
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Lemma 10.5. Let A be a unital separable amenable purely infinite simple C*- 
algebra satisfying the Universal Coefficient Theorem and B be any unital purely 
infinite simple C* -algebra. Then for any a S KL(A, B), there is a monomorphism 
ip : A — > B such that 

a = [ip]. 

Moreover, if a ([1a]) = [Is], ip can be made into a unital homomorphism. 

Proof. Let C be the class of those unital separable purely infinite simple C*- 
algebras for which the lemma holds. Let (G' ,g' , G[) be a triple, where G' and G[ 
are finitely generated abelian groups and g' € G' is an element. The proof of 5.6 of 
[9] shows that the class C contains one unital separable amenable purely infinite sim- 
ple C*-algebra A satisfying the UCT such that {K (A), [1 A ], Ki(A)) = (G' , g' , G[). 
Now let (Go, go,Gi) be a triple for arbitrary countable abelian groups. Then 
it is an inductive limit of those triples with finitely generated abelian groups. 
By 8.2 of |44j (see also 5.9 of |44] and 5.4 of [9]), C contains a unital separa- 
ble amenable purely infinite simple C*-algebra A satisfying the UCT such that 
(K (A),[1a], K 1 (A)) = (Go, go, Gi). By the classification of those purely infinite 
simple G*-algebras of Kirchberg and Phillips (see |42) . for example), there is only 
one such unital amenable separable purely infinite simple G*-algebra satisfying the 
UCT. □ 

The following also follows from a result of E. Kirchberg (in a coming paper). 

Theorem 10.6. Let B be a unital separable amenable C* -algebra which satis- 
fies the UCT and let A be a unital purely infinite simple C* -algebra. Then, for any 
k G KL(B, A), there is a monomorphism h : C(X) — ► A such that 

[h] = K. 

If A is unital and k([1b]) = [1a] i then h can be chosen to be unital. 

Proof. There is a unital amenable separable purely infinite simple G*-algebra 
G satisfying the UCT such that 

(K (A),[l A ],Ki(A)) = (K (B),[1 B ],K 1 (B)). 

Thus, by 7.2 of [46], there is an invertible element x £ KK(B,C). Thus, by The- 
orem 6.7 of [31] . there is a unital homomorphism h\ : B — ► G such that [hi] = x, 
where x € KL(B, G) is the image of x. Since x is invertible, we obtain an isomor- 
phism 

KK(B, A) = KK{C,A). 
Let R € KK(B, A) such that the image of k in KL(B, A) is k. Let k' <E KK(C, A) 
be the element which is the image of k under the above isomorphism. It follows 
that there is a € KK(C, G) such that 

[hi] x a x k! = k, (e 10.11) 

where x is the Kasparov product. Let a be the image of a in KL(C, G) and let k' 
be the image of k' in KL(C,A), respectively. By 110.51 there are monomorphisms 
hi : C — > A and homomorphism /13 : G — > G such that 

[h 2 ] = k' and [h 3 ] = a. (e 10.12) 

Define h = h 2 o h% o h±. Then 

[h] = K in KL(B, A). 
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To make sure that h! is a monomorphism, consider two non-zero projections 
Pi , P2 £ A such that pi < P2, P2 — Pi 7^ and 

[Pi] = [P2] = K([1 B ]). 

By applying what we have shown to piApi, we obtain a homomorphism h! : B — > 
PiApi such that [hf] = K. 

There is a unital embedding ho from O2 into (j>2 — pi)A(j>i — Pi) (note that 
[P2 — Pi] — in Kq(A)). It follows from 2.3 of [16) that there is a unital monomor- 
phism h' : B — > 02- Let = ho o h' . Then 

[/i 00 ] = in KK(B, A). 

Define h = h$o + h! . Then h is a monomorphism. Moreover, if k([1b]) = [1a], we 
can choose P2 = 1a- 

□ 

Theorem 10.7. Let X be a finite CW complex and let e > and let T C C(X) 
be a finite subset. There exists 5 > and a finite subset Q C C(X) satisfying the 
following. 

For any purely infinite simple C* -algebra A and any unital 8-Q -multiplicative 
contractive completely positive linear map ip : C(X) — > A which is 1/2-Q -injective, 
there is a unital monomorphism h : C(X) — > A such that 

\\1>(f) - h(f)\\ < e for all / G T. (e 10.13) 

Proof. If we also assume that A ® Oqo = A, for example, A is amenable, this 
follows from Cor 7.6 of [31] . The general case follows from 110.41 Since Ki(C(X)) 
is finitely generated (i = 0, 1), it is easy to see that, with sufficiently small S and 
sufficiently large G, [ip] gives an element in KL(C(X), A). This certainly follows 
from 12.41 The next thing is to show that, for any n £ KL(C(X), A), there is a 
unital monomorphism h : C(X) — + A such that [h] — k. This follows from Theorem 
[T0~6l Then MM applies. □ 

Lemma 10.8. Let X be a compact metric space, let e > 0, let a > 0, and let T C 
C{X) be a finite subset. Suppose that A is a unital purely infinite simple C* -algebra 
and suppose that h : C(X) — > A is a unital homomorphism with the spectrum 
F C X. Then there are nonzero mutually orthogonal projections ei,e2,...,e„ and 
a a-dense subset \xi, x%, x n } C F and a unital homomorphism h\ : C(X) — > 
(1 — e)A(l — e) (where e = X)"=i 6i ) W^h the spectrum F such that 

n 

WHf) - [hi{f) + f(.Xi)ei)\\ < e for all f£T. 

»=i 

Moreover, we may choose [e»] — in Kq(A), i = 1,2, ..,n and [hi] — [h] in 
KL(C{X),A). 

Proof. To simplify the notation, without loss of generality, we may assume 
that X = F. Fix e > and a finite subset T C G(X). Without loss of generality, 
we may assume that J- is in the unit ball of C(X). Let S > and Q c C(X) be a 
finite subset required bv 110.41 associated with e/4 and T . Let = min{<5, e/4}. Let 
f] = °~x,8 u g- 

By choosing smaller S and larger Q, we may also assume that 

[Li]\v = [L 2 ]\v 



08 



3. PURELY INFINITE SIMPLE C*-ALGEBRAS 



for any two unital <5-C/-multiplicative contractive completely positive linear maps 
from C(X) to A, provided that 

L\ &s L 2 on Q. 
Let {xi, X2, x n } be a cr-dense subset of X = F such that 

max{\g(xi)\:i = l,2,...,n}>(3/4)\\g\\ for all g G Q. (e 10.14) 



It follows from 110.11 that there are non-zero mutually orthogonal projections 
such that 

n 

\\h(f)-[(l-p)h(f)(l-p)+J2f(xi)ei]\\<6i and (e 10.15) 

||[l-p,Ji(/)]||<*i (e 10.16) 

for all / G Q, Put e = E"=i e i- Define V : C{X) (1 - e)A(l - e) by ^(/) = 
(1 -p)h(f)(l-p) for / G C{X), Then V is ^-^-multiplicative, by (|el0.16|) . Write 
e, = e^ + e", where and e" are nonzero mutually orthogonal projections such that 

[e-] = in K {A), i = l,2,...,n. (e 10.17) 

This is possible since A is purely infinite and simple. By replacing (1 —p)h(f)(l —p) 
by (1 - p)h(/)(l -p) + S" =1 f(xi)e" and replacing by e-, we may assume, by 
(|e 10.14p . that ^ is 1/2-^-injective and [e*] = in A' (A), i = 1,2, ...,n. Define 
ho : C(X) -» e^Le by h (f) = E^ 1 /(ar i )e j for all / G C(JT). Since [e;] = in 
Kq(A), we have that 

[h ] = in KL(C{X),A). (e 10.18) 

Thus, by fle 10.150 . (|e 10.17|) and by (|e 10.180 . 

Mv = [h]\v (e 10.19) 

It follows from I10.H that there is a unital monomorphism hi : C(X) — > (1 — 
e)A(l — e) such that 

||M/)-V>(/)ll <e/4 for all / G T. (e 10.20) 
Combining (|c 10. 15|) and (|e 10.20[) , we obtain that 

n 

\\h(f)-[hi(f) + J2f(xi)ei]\\ < e fOT all f & J 7 . 

i=l 

This proves the first part of the lemma. Note that h\ was chosen to have 
[hi] = [h] as in the proof of 110.41 Thus the above proof also implies the last part 
of the lemma. 

□ 

Corollary 10.9. Let X be a compact metric space, let e > 0, let a > 0, and 
let T C C'(X) be a finite subset. Suppose that A is a unital purely infinite simple 
C* -algebra and suppose that h : C(X) — > A is a unital homomorphism with the 
spectrum F C X. Then, for any finite subset {x\, x%, x n } C F, any Z\, z<ii z n G 
Kq(A), there are nonzero mutually orthogonal projections e±, e%, e n with [a] = Zi, 
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i = l,2,...,n, and a unital homomorphism h\ : C(X) — > (1 — e)A(l — e) (where 
e = 53i=i e i) with the spectrum F such that 

n 

\\Hf)-(hi(f) + Y,f( x ^)W <e for a11 

i=l 

Proof. The only thing that needs to be added to 110.81 is that there is a non- 
zero projection e' t < (in A ) such that [e^] = Zi, i = 1, 2, n. □ 



11. Basic Homotopy Lemma in purely infinite simple C*-algebras 

Now we establish the Basic Homotopy Lemma in purely infinite simple C*- 
algebras. 

Lemma 11.1. Let X be a compact metric space and let A be a unital purely 
infinite simple C* -algebra and h : C(X) — > A be a monomorphism. Suppose that 
there is a unitary u £ A such that 

h(a)u = uh(a) for all a £ C(X) and Bott(/i, u) = 0. (ell.l) 

Suppose also that ip : C(X x S 1 ) — > A defined by ip(f<3g) = h(f )g(u) for f £ C(X) 
and g £ C(S ' ) is a monomorphism. Then, for any e > and any finite subset 
J- C C{X), there exists a rectifiable continuous path of unitaries {u t : t £ [0, 1]} of 
A such that 

uq = u, ui = 1a and \\[h(a),ut]\\ < e (ell.2) 
for all a £ T and all t £ [0, 1]. Moreover, 

Length({u t }) < ir + en. (e 11.3) 

Proof. Let e > and T C C(X) be a finite subset. Without loss of generality, 
we may assume that lc(X) £ J~ ■ Let T\ = {a ® b : a £ T ,b — u,b — 1}. Let 

V = o-xxS 1 ,e/i6,T' Let S > 0, Q C C(X x S 1 ) be a finite subset of C(X x S l ) and 

V C K_{C{X x S 1 )) be a finite subset required by 110.31 associated with e/16 and 
T x . 

We may assume that 8 and Q are so chosen that, for any two (5i-C/-multiplicative 
contractive completely positive linear map L1.L2 ■ C(X x S 1 ) — > -B (any unital 
C*-algebra B), 

[L 1 ]| 7 , = [L 2 ]| P , 

provided that 

L\ &s L 2 on (?. 

With even smaller S we may also assume that Q — T 2 ® Qi, where Ti C C(X) 
and Qi c C(S' 1 ) are finite subsets and lc(X) C ^2 and lc , (s' 1 ) C Si- 
Choose igl and let £ = a; x 1. 

It follows from 110.91 that there is a non-zero projection e £ A with [e] = in 
Kq{A) and a unital monomorphism ip' : C(X x S 1 ) ^ (1 — e)A(l — e) such that 

U{f)-^'{f) + f{m\\<h/2 for all f£G. (ell.4) 

Write e = ei + e2, where ei and e 2 are two non-zero mutually orthogonal projections 
with [e x ] = [1a] and [e 2 ] = -[1a] in K (A). 
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It follows from 110.61 that there are unital monomorphisms hi : C(X) — » eiAei 
and h 2 : C(X) —> e 2 Ae 2 such that 

[hi] = [h] and [h 2 ] = -[h] in KL{C(X),A). (ell.5) 

Define Vi : C(X x S 1 ) -> by Vi(/ ® 5) = h x {f)g{l)ex for all / G C(X) 

and 5 G C(S' 1 ) and defined ^2 : ^(X x S 1 ) -> e 2 Ae 2 by ip 2 (f ® g) = h 2 (f)g(l)e 2 
for all / G C(X). Define * : C(X x S* 1 ) -> (1 - e x )A(l - e x ) by * = and 
define * : C(X x S 1 ) -> A by * = V>i + *o- Note that 

IIM/)-(/(0(ei + e 2 )+V' , (/®l))|| < <5i/2 for all / G C(X). (ell.6) 
Define <^ : C(X x S 1 ) - (I - ei )A(l - e x ) by = E™ 1 for all 

/ G C(Ix S* 1 ), where {xi, x 2 , x m } are in X and {<?i, (727 Qm} is a set of nonzero 
mutually orthogonal projections such that [qi] — in Kq(A) and Y^T=i 9i = (1 — e i)- 
This is possible since [1 — ei] = in Kq(A). Then 

[^o] = in KL{C{X), A). (e 11.7) 

Moreover, by choosing more points and large m, we may assume that <po is 1/2-Q- 
injective. 

Note that Bott(h,«) = 0. Thus , bv [2T0l and by l|ell.4[) . (|e 11.5|) and (jelljp . 

[*o]|j> = [toll*. (ell-8) 
It follows from 1 10. 51 that there exists a unitary wi G (1 — ei)A(l — ei) such that 
adTOio4~ e /ie $0 on -^i- (ell.9) 
By[Hl0]and by (|ell.4|) . (|e 11.5|) and (|e 11.7[) 

[*]| P = M|p- (e 11.10) 

It follows from 110.31 that there exists a uniatry w 2 £ A such that 

ad w 2 o ^> « c /i6 V" on J 7 !. (ell. 11) 

Let ii = ^o(l ® 2). In the finite dimensional commutative C*-subalgebra 
(j>o(C(X x S* 1 ), it is easy to find a continuous rectifiable path of unitaries 
{v t :te [0, 1]} in (1 - e\)A{\ - e x ) such that 

i>o=t>, Wi = l-e x and || [cf> (a <8> 1), v t ]\\ = (c 11.12) 

for all i G [0,1] and 

Length({ti t }) < 7T. (e 11.13) 

Define 

U t = wl{e 1 +wl{v t )w 1 )w 2 for all te [0,1]. (e 11.14) 

Clearly Ui = l A . Then, by (|ell.9p and (jell. lip . 

\\Uq — «|| = || ad w 2 o (-0! (1 ® z) © adu>i o </> (l <8> z)) - «|| 

< e/16 + ||adw 2 o (^i(l © z) © * (1 © z)) - u\\ 

< e/16 + e/16 + ||^(1 © z) - u|| = e/8. (ell. 15) 
We also have, by (|e 11.9[> . (jell. lip and (|e!1.12|) , 

|| [M»). ft] || =2(e/16) + ||[adtoao*(o®l),I7 t ]|| < e/8 + e/8 = e/4 (e 11.16) 
for all a E T . Moreover, 

Length({t/ t }) < rr. (e 11.17) 
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By (|e 11.17JI . ()c 11.15|) and ()c 11.16(1 . we obtain a continuous rectifiable path of 
unitaries {ut : f £ [0, 1]} of A such that 

u = uq, mi = 1^ and ||[/i(a),zt t ]|| <e for all tG [0,1]. (e 11.18) 

Furthermore, 

Length({u t }) < tt + err. (e 11.19) 

□ 

Lemma 11.2. Let X be a compact metric space and let T C C(X) be a finite 
subset. For any e > 0, there exists S > and a finite subset Q C C(X) satisfying 
the following: Suppose that A is a unital purely infinite simple C* -algebra, that 
h : C(X) — > A is a unital monomorphism and that u G A is a unitary such that 

|| [h(a),u] || < S for all aeQ. (ell. 20) 

Then there exists a unital monomorphism H : C(X x S 1 ) — ► A and a rectifiable 
continuous path of unitaries {ut : t G [0, 1]} such that 

u = u, ui = H(l® z), (e 11.21) 

\\H{a® 1) -h(a) || < e and || [h(a),u t ] \\ < e for all t G [0,1] (ell. 22) 
and for all a G T . Moreover 

Length({u t }) < rr + e. (e 11.23) 

Furthermore, there is a finite subset V C K_(C{X)), if in addition to (Ic 11.20[) . 

Bott(h,u)\ P = 0, 

we may also reguire that 

\ H \Wk{C{x)))=Q. (e 11.24) 

Proof. Fix e > and a finite subset T C C(X). To simplify the notation, 
without loss of generality, we may assume that T is in the unit ball of C(X). Let 
Si > 0, & C C(X x S 1 ) and V\ C i£(C(X x S 1 )) be a finite subset which are 
required in 110.41 associated with e/32 and T <E> 5, where = {lcfs 1 ))- 2 }- Without 
loss of generality, we may assume that Q\ = T\ ® S, where T\ C C(X) is a finite 
subset. 

We may assume that 5± < min{l/2, e/32} and T C T\. Put 
P 2 = {(id-P)(x),P(x),x:xeVi}. 
By choosing possibly even smaller Si and larger Ti, we may assume that 

[Li]\ V2 = [L 2 ]\ P2 

for any pair of Si- J 7 ! <8> S'-multiplicative contractive completely positive linear maps 
from C(X ® 5 1 ) to any unital C*-algebra B, provided that 

Li fasi L2 on Ti ® S. 
There is a > such that for any er-dense subset {xi, x 2 , x n } C X and a 
finite subset {^1,^2, ■■■■>tm} such that 

max{||/(ii)|| :i = l,2,..,n}> (3/4)||/|| (e 11.25) 

for all / G J 7 ! and 

max{|| 5 (x, x tj)\\ : 1 < i < n and 1 < j < m} > (3/4)|| 5 || (e 11.26) 
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for all g € Gi- 

Let 62 > and C C(I x S 1 ) be a finite subset required in 12.231 for Si/4 (in 
place of e), a/2 (in place of a) and Gi (in place of !F). Without loss of generality, 
we may assume that 82 < #i/4 and G2 = F2 <8> S" with ^"2 C C(X) being a finite 
subset containing JFi. 

Let r\ > be required in 110.11 for #2/2 (in place of e), a/2 and J- 2- We may 
assume that r\ < 62/2. 

Let (5 > and Q C C(X) (in place of ^1) be a finite subset required by 12.81 for 
82/2 and T2- We may assume T2 <Z G- We may further assume that 5 is smaller 
than that in 110.21 and G is larger than that in 110.21 for rj (in place of e) and a/2 (in 
place of a) and T2 (in place of T). 

Let V C 2£(C(X)) be a finite subset such that (3(V) D yS('Pi). Suppose that h 
and it satisfy the conditions in the theorem for above 6, G and V. It follows from 
I2.8l that there is a <52/2-C/2-multiplicative contractive completely positive linear map 
ip : C(X x S 1 ) — > A such that 

<8> ff) - M/)5(«)ll < ^2/2 for all / 6 T 2 and g e 5. (e 11.27) 

By applying 110.11 as well as 110.21 we have 

n 

II W ® .9) - + E /(^).9(^)e,)ll < (e 11.28) 

z=l 

for all / € ^2 and g € S, where *i : C(X x S 1 ) -> (1 - e)A(l - e) is a unital <5 2 -<?2- 
multiplicative contractive completely positive linear map, ei, e2, e n are non-zero 
mutually orthogonal projections, e = E"=i ei > I e «] = in ATo(-A) (* = 1,2, ...,n), 
{xi, a?2, a^n} is er-dense, and s±, S2, s n are points in S 1 (not necessarily dis- 
tinct). Define V[ : C(X <gs S* 1 ) -> e^e by = E?=i /fat x s *) e i for a11 
/ € C(X x S* 1 ). It follows that 

= in KL(C(X), A). (e 11.29) 

There are m non-zero mutually orthogonal projections e^i, e^, ■ ei im in etAet 
such that [ej j] = in K (A), j — 1,2,..., to, for each i. Define *o : C(X x S* 1 ) — > 

e^e by * (/® ff) = El=i(E7=i ffaMtjM for a11 / e and 3 e <W- 

There is a continuous path of unitaries {w t : t £ [0, 1]} in the finite dimensional 
commutative C*-subalgebra ^q(C(X x S 1 )) such that 

n 

Length({u; t }) < 7T, wo—'^^s i ei, w± — 4'o(l ® 2). (e 11.30) 

i=l 

Moreover, 

u>t*o(/ ® 1) = *o(/ ® l)w t for all t e [0, 1] (e 11.31) 

and for all / € C{X). Note also 

[* ] = in KL(C{X x S" 1 ), A). (e 11.32) 

By (le 11.25[) . * is (3/4)-£i-injective. So ^i + ^o is ^-Si-multiplicative and (3/4)- 
£i-injective. Let $ : C(X x S 1 ) — > A by $ (/ ® ff) = Kf)g(l) for all / e C(X) 
and g G C(S' 1 ). The condition that Bott(h,u)\ v = {0} (see 14. ip together with the 
choice of and T\ implies that 



[*o]|p 2 = MItv 



(e 11.33) 
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By (|ell.28[) . (|ell.29|) . (|ell.32|) and fle 11.33|) and the choice of Si and Tu we have 

[#o]ta = [*i + *o]|t» 2 . (e 11.34) 

By applying 1 10. 4( we obtain a unital monomorphism _ff : C(X x S* 1 ) — + A such 

that 

*i + *o ~e/ 32 H on T. (e 11.35) 

Furthermore, from the proof of 110.41 if Bott(/i, u)\-p = is assumed, we can also 
assume that 

Mk(c ( x)))-0. (e 11.36) 

There is a unitary wo £ (1 — e).A(l — e) such that 

11*1(1 ®z)- w Q \\ < 2S 2 <5i< e/32. (e 11.37) 

Define Ut = wo + w t f° r f G [0, 1]. Then {Ut ■ t G [0, 1]} is a continuous path of 
unitaries in A such that 

n 

U = w + ^2siei, Ui = H(l <g) z) and (e 11.38) 

t=i 

||[t/ t ,i?(/(g) 1)]|| < 2<5 2 + e/32 < e/16 for all t G [0,1] (e 11.39) 

and for all / G C(X). 
Moreover, 

Length({t/ t }) < rr. (e 11.40) 

Note also we have, by (|ell.28j) and (jell. 35ft , and by (|ell.37|) 

® 1) w e /i 6 h(f) on J - and (e 11.41) 

||u- Uo\\ < e/4. (e 11.42) 

We also have, by (|ell.41j) and (|c 11.39)) . 

<e/8 (c 11.43) 

The lemma follows if we connect u with [To properly. 

□ 

Theorem 11.3. Let X be a compact metric space. For any e > and any 
finite subset T C C(X), there exists 8 > 0, a finite subset Q c C(X) and a finite 
subset V C K(C(X)) satisfying the following: 

Suppose that A is a unital purely infinite simple C* -algebra and suppose that 
h : C(X) —>■ A is a unital monomorphism. Suppose that there is a unitary u G A 
such that 

\\[h(a),u]\\ <S for all aeG and Bott(/i, u)\ v = {0}. (e 11.44) 

Then there is a continuous rectifiable path of unitaries {ut : t G [0,1]} of A such 
that 

Uq=u, Ui = 1a and \\[h(a),u t ]\\ < e for all a G T and t G [0, 1]. (e 11.45) 
Moreover, 

\\u t -ut>\\ < (27r + e)|t-t'| for all t,t' G [0,1] and (e 11.46) 
Length({uJ) < 2tt + e. (e 11.47) 
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Proof. Fix e > and finite subset T c C(X). Let S > 0, Q C C(X) be a 
finite subset and V C K_(C(Xj) be a finite subset required in II 1.21 for e/4 and .F. 

Suppose that /i and u satisfy the conditions in the theorem. By 111.21 there is 
a unital monomorphism H : C[X x S 1 ) — > A and there is a continuous rectifiable 
path of unitaries {vt ■ t G [0, 1]} in A satisfying the following: 

v =u, vi = H(l <8)z), (e 11.48) 

\\H(f®l)-h(f)\\<e/4, \\[h(f),v t ]\\<e/4 (e 11.49) 

for all t G [0, 1] and for all / G T, 

Length({t> t }) < ix + e/4 and [fl] ^(^(x))) = {0}. (e 11.50) 

Put h x {j) = H(f O 1) for all / G C(X). By (Ic 11.501) . 

Bott(foi,Ui) = 0. (e 11.51) 

It follows from lll.Tl that there is a continuous rectifiable path {w t : t G [0, 1]} in A 
such that 

w = Vl , w 1 = l A ,\\[hi{f),w t ]\\ <e/4 (e 11.52) 

for all t e [0,1] and / G T, and 

Length({w t }) < 7T + e7r/4. (e 11.53) 

Now define u t = v-2,t for t G [0, 1/2] and u t = w^t-i f° r t G [1/2, 1]. Then, 
w = «o = «, Ml = toi = 1.4- 

By (|ell.49p and (|e 11.52|) . 

||[/i(/),u t ]|| < e for all t G [0,1] and for all / ef. 

Moreover, by (|ell.50p and (|cll.53|) 

length({u t }) <2ir + e. 

To get (je 11.46|i . we apply [9731 and what we have proved above. Note that we 
may have to choose a different 6. □ 

Corollary 11.4. Let X be a finite CW complex and let T C C(X) be a finite 
subset. For any e > 0, there exists 6 > 0, a finite subset Q C C(X) satisfying the 
following: 

Suppose that A is a unital purely infinite simple C* -algebra and suppose that 
h : C(X) — > A is a unital monomorphism. Suppose that there is a unitary u G A 
such that 

\\[h{a),u]\\ < 6 for all a G Q and Bott(h,u) = {0}. (e 11.54) 

Then there is a continuous rectifiable path of unitaries {ut : t G [0, 1]} of A such 
that 

i*o = u, U\ — 1a and \\ [h(a), u t ]\\ < e for all a G T and t G [0, 1]. (e 11.55) 
Moreover, 

Length({u t }) < 2tt + err. (e 11.56) 



11. BASIC HOMOTOPY LEMMA IN PURELY INFINITE SIMPLE C'-ALGEBRAS 75 



Corollary 11.5. Let X be a compact metric space and let A be a unital purely 
infinite simple C* -algebra. Suppose that h : C{X) — > A is a unital monomorphism 
and that there is a unitary «ei such that 

uh(f) = h(f)u for all f £ C{X) and Bott(/i,u) = 0. (c 11.57) 

Then there is a continuous rectifiable path of unitaries {ut : t £ [0, 1]} of A such 
that 

uo = u, Mi = 1a and || [h(a), u t ]\\ < e for all a £ T and t£ [0,1]. (e 11.58) 
Moreover, 

Length({u t }) < 2tt + err. (e 11.59) 

Remark 11.6. As we have seen in the case that A is a unital simple C*-algebra 
of real rank zero and stable rank one, one essential difference of the original Basic 
Homotopy Lemma from the the general form is that the constant S could no longer 
be universal whenever the dimension of X is at least two. In that case, a measure 
distribution becomes part of the statement. This additional factor disappears when 
A is purely infinite. (There is no measure/trace in this case!) However, there is a 
second difference. In both purely infinite and finite cases, when the dimension of 
X is at least two, we need to assume that ft- is a monomorphism, and when the 
dimension of X is no more than one, h is only assumed to be a homomorphism for 
the case that K\{A) = {0}. 

It is much easier to reveal the topological obstruction in this case. Just consider 
a monomorphism <j> : C(S 1 x S 1 ) — ► A with botti(</>) ^ and botto(</>) = 0. In other 
words, 

botti(u, v) ^ and [v] = 0, 
where u — <p(z ® 1) and v = 0(1 ® z). This is possible if A is a unital purely infinite 
simple C*-algebra or A is a unital separable simple C*-algebra with tracial rank 
zero so that kerp^ ^ {0}. Let D be the closed unit disk and view S 1 as a compact 
subset of D. Define h : C{D) -> A by h(f) = 4>(f\ S i (z® 1)) for all / e C(D). Since 
D is contractive, 

Bott(h,v) = 0. 

But one can not find any continuous path of unitaries {vt : t £ [0, 1]} of A such 
that 

v = v, vi = I a and ||[/i(/),u t ]|| < e 
for all t G [0, 1] and for some small e, where f(z) = z for all z e D, since 
botti(u, v) ^ and h(f) = u. Counterexample for the case that A is a unital 
separable simple C*-algebra with tracial rank zero for which kcrp^ = {0} can 
also be made but not for commuting pairs. One can begin with a sequence of 
unitaries {u n } and {v n } with v n G Uo(A) such that lim^oo ||[u„,w„]| = and 
botti(u„,w„) ^ 0. Then define h n : C(D) -» A by h n (f) = f(u n ) for / e C{D). 
Again Bott(/i n ,u„) = and lim^oo || [ft„(/), t) n ] | = for all / £ C(D). This will 
give a counterexample. In summary, the condition that h is monomorphism can 
not be replaced by the condition that h is a homomorphism in the Basic Homotopy 
Lemma whenever dimX > 2. 
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Approximate homotopy 

12. Homotopy length 

In the next two sections, we will study when two maps from C(X) to A, a unital 
purely infinite simple C*-algebra, or a separable simple C*-algebra of tracial rank 
zero, are approximately homotopic. When two maps are approximately homotopic, 
we will give an estimate for the length of the homotopy. In this section we will 
discuss the notion of the length of a homotopy. 

Lemma 12.1. Let A G B be a unital simple C* -algebra and let X be a compact 
metric space. Let e > and T C C(X) be a finite subset. Suppose that ho, hi : 
C(X) — > A are two unital homomorphisms such that there is unitary u G A such 
that 

ad mo hi(f) w e/2 h (f) on T. 
Then, there is a unitary v G Uo(A) such that 

adu o hi m e h on T . 

PROOF. Fix e and T C C(X). Let r/ = ax,e/2,F- For a point £ G X, let 
g G C(X) + with support lies in 77) = {x G X : dist(x, £) < r/}. We may choose 
such £ in the spectrum of ho so that ho(g) 7^ 0. Then there is a non-zero projection 
e e h (g)Ah (g). 

Since A is assumed to be purely infinite or has real rank zero and stable rank 
one, there is a unitary w G eAe so that [(1 — e) + w] = [u*] in K\{A). Moreover, 
u((l — e) + w) e Uo{A). Put v = w((l — e) + w). Note that, by the choice of 77, 

|| ((1 - e) + w)*h (f) - fto(/)((l - e) + w)\\ < e/2 

for all / e T. Thus 

ad v o hi ps e ho on T . 

□ 

Definition 12.2. Let A and B be unital C*-algebras. Let H : A -> C([0, 1], B) 
be a contractive completely positive linear map. One has the following notion of 
the length of the homotopy. For any partition P : = to < h < ■ ■ ■ < t m = 1 and 
/ G -4, put 

(P, /) = 2 11^ - 7r **- 1 ^(/)H and 

L H (f)= sup L H (P,f). 
p 

Define 

Length({7r t o //"}) = sup 

/eAII/ll<i 
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Theorem 12.3. Let A be a separable unital simple C* -algebra of tracial rank 
zero and let X be a compact metric space. Suppose that ho, hi : C(X) — > A are two 
unital monomorphisms such that 

[h ] = [hi] m KL(C(X),A) and (el2.1) 

T oh 1 =Toh 2 for all r € T(A) (e 12.2) 

Then, for any e > and any finite subset T C C(X), there is a unital homomor- 
phism $ : C'(X) — > C([0, such that n t o H is a unital monomorphism for all 

te[Q,i], 

ho ~ c 7To o $ on T and ni o <$> = hi. (e 12.3) 

Moreover, 

Length({7r t o $}) < 2tt. (e 12.4) 

Proof. It follows from Theorem 3.3 of [32] that there exists a sequence of 
unitaries w £ A such that 

lim adw„ o hi(f) = h (f) for all / e C(X). 

n^oo 

It follows from II 2. H that there is z € Uq(A) such that 

adz o hi ~ e /2 on -T 7 - 

It follows from [20] that, for any e > 0, there is a continuous path of unitaries 
{z t : t £ [0, 1]} in A such that 

z = 1, ||*i-«|| < e/2M, 

where M = max{||/|| : / 6 -T 7 }, and 

Length({z t }) < 7r 

Define i? : C(X) -> C([0,1],A) by 

7r t o #(/) = adz t o /i!. 

Then 

Length({7r t o #}) < 2tt. 

□ 

12.4. Let ^1,^2 € X. Suppose that there is a continuous rectifiable path 7 : 
[0,1] — > X such that 7(0) = £1 and 7(1) = £ 2 - Let A be a unital C*-algebra. 
Define ipi,4>2 : CPO - ► -A by ^(Z) = /(&) ' 1a- These two homomorphisms are 
homotopic. In fact one can define H : C{X) -> C([0, 1], A) by 7r t o #(/) = /(7(f)) 
for all / € C(X). However, with definition \\T2\ Length({vr f o H}) = 00 even in the 
case that X = [0, 1], £1 = and £2 = L This is because the presence of continuous 
functions of unbounded variation. Nevertheless {ir t o H} should be regarded good 
homotopy. This leads us to consider a different notion of the length. 

Definition 12.5. Let X be a path connected compact metric space and fix a 
base point £x- Denote by Pt(x,y) a continuous path in X which starts at x and 
ends at y. By universal homotopy length, we mean the following constant: 

L(X,Cx) = supinf{Length({P t (6c,y)}) : P t ^x,y)}- (el2.5) 
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Define 

L(X)= inf L(X,£ X ) and L P (X) = sup L{X,U). 

The total length of X, denote by L(X), is the following constant: 

L(X) = sup inf{Length({P 4 (£, 0} : P t ((, C)}- (e 12.6) 

t,Cex 

It is clear that 

L p (X) < L(X, £ x ) < L P (X) < L(X) < 2L(X, (e 12.7) 

If D is the closed unit disk, then 

L p (D) = L(D, {0}) = 1 and L P {D) = L(D) = 2. (e 12.8) 

If 5 1 is the unit circle, then 

L p {S l , 1) = L(S\ 1) = LpiS 1 ) = LiS 1 ) = w. (e 12.9) 

There are plenty of examples that L(X, £x ) = oo for any £x € X. For example, 
let X be the closure of the image of map f(t) = t sin(l/t) for t e (0, 1]. 

Definition 12.6. Let X be a path connected compact metric space. We fix a 
metric d(— , — ) : X x X — > M + . A function / g C'(X) is sad to be Lipschitz if 

x,x f £X,x^x f CLyXj X ) 

For Lipschitz function /, define 

D / =suplim sup WlzJbpl , (e 12.10) 

x£X ^ i',a:"£O(ii) d(X ,X ) 

Note that 

- \f(x)-f(x')\ 
D f < sup U \ J ; n < oo. 

a:, a:' £X,x^x' CLyX^X ) 

Definition 12.7. Let A be a unital C*-algebra and let H : C(X) -> C([0, 1], A) 
be a homotopy path from ttq o H to w± o iJ. 

By the homotopy length of {774 o if}, denote by 



Length^ off}), 

we mean 

sup{L H (f) : f eC(X),D f <1}. 

Proposition 12.8. Let X be a connected compact metric space. For any unital 
C* -algebra A and unital homomorphism H : C{X) — > C([0, 1], j4), 



Length({7r t o H}) < L p (X)Length({7r t o H}) (e 12.11) 

for any £ x G X. 



PROOF. Note that if Length({7r t o H}) = 0, then Length({7r t o H}) = 0. So we 
may assume that Length({77t oH}) ^ 0. In this case, it is clear that we may assume 
that L p (X) < 00. It follows that L(X) < 00 (by (|el2.7|) ). 

Fix £x G X. We first assume that 



Length({7T( o H}) < 00. 



so 
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Fix e > 0. There is a Lipschitz function / 6 C(X) with Df < 1 such that 

Lh(I) > Length({7r t o i?}) — e. (e 12.12) 

Fix x € X. Let 77 > 0. There is a continuous rectifiable path Qt(%,£x) which 
connects x with such that 

Length({Q t (x,£x)}) < inf{Lcngth({F t (x, &■)}) : P t (x,£ x )}+V- (e 12.13) 

Denote by Q* the image of the path {Qt : t € [0, 1]}. It is a compact subset of 
X. For each y £ Q* , there is a 5 a > such that 

|/(y')-/(y")l<(i + ^)%,y') (e 12.14) 

for any y',y" 6 0(y,5 y ) (Note that £>/ < 1). Since U ae Q»0(y, 5„/2) D Q*, one 
easily obtains a partition {in = < t\ < < • • • < t n = 1} such that, if x € 
[ti_i,ti], then 

!/(*)- /(QtJI < (l + ^dfoQ*,) and 



i = 1,2,..., n. 

Put g = f(x) - f(£x). Then 



\g(x)\ = |/(x)-/(a)|<£|/(Qt i )-/(Qt < _ 1 )| 



< (l+?7)Length({Q t (x,e)}) 

< (l+ V )L(X,Cx)+V + V 2 
for all n > 0. It follows that ||.g|| < L(X,f x )- Note that 

7T t O ff (g) = 7T t o (/) - f(£ x ) ■ 1 A . 
It follows from (|e!2.18|l and (|e!2.12|) that 



L H (g) = L H (f) > Length({7r t o H}) - e. 



Therefore 



L(X,a)Length({7r t o H}) > L H {g) > Length^ o H }) - e 
for all e > 0. Let e — > 0. We then obtain 



Length({7r t o H}) < L(X, £ x ) Length ({ir t o H}) 

for any £ x 6 X. Thus (|el2.11|) holds. 

If Length({vr t o H}) = oo, let L > 0. We replace (|e 12.121 by 

M/) > £• 

Then, instead of (|e 12.19p . we obtain that 

L H (g) = LhU) > L - 

Therefore 

L(X,^)Length({7rt o H}) > L H {g) > L. 



(e 12.15) 
(e 12.16) 



e 12.17) 

e 12.18) 

e 12.19) 

e 12.20) 
c 12.21) 

c 12.22) 

e 12.23) 
c 12.24) 
e 12.25) 
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It follows that 

Length({7Tt o H}) = oo. 

□ 

Fix a base point £x and a point x £ X. Let 7 : [0, 1] — > X be a continuous 
path such that 7(0) = x and 7(1) = £x- Let A be a unital C*-algebra. Define 
ho(f) = f( x )^-A and hi(f) = f(^x)^A f° r all / G C(X). One obtains a homotopy 
path H : C(X) -» C([0, 1],A) by 7r t o = /( 7 (i))l A for / € C(X). Then one 

has the following easy fact: 

Proposition 12.9. 



Length({vr t o H}) < Length({7(/j) : t G [0, 1]}). (e 12.26) 

PROOF. Let e > 0. There is / £ C(X) with £/ < 1 such that 



Ln{f) > Length({7r t o ff}) - e/2. (e 12.27) 

There is a partition P : 

= t < h < ■ ■ ■ < t n = 1 

such that 

E - /(7(*i-i))l > M/) - (e 12.28) 

Let 77 > 0. For each t £ [0, 1], there is 5t > such that 

1/(7(0) ~ /(7(*"))l < (1 + r?)d(7(*0, 7(0) (e 12-29) 

if 7(t'),7(t") G 0(7(t),(5t). From this, one obtains a finer partition 

= s < si < ■ ■ ■ < s m = 1 

such that 

l/(7(*))-/(7(*-i))l < (l + J7)d(7(ai),7(ai-i)), (e 12.30) 
i = 1, 2, n and 

771 

£|/(7(*i))-/(7(«i-i))l > L H (f)-e/2. (e 12.31) 

i=l 

It follows that 



L H {f)-e/2 < J2(l+ V )d( 7 ( Si ), 7(^-1) 



i=l 



< (1 + 77)Length({ 7 (t) : * € [0, 1]}) (e 12.32) 

for any 77 > 0. Let 77 — ► 0, one obtains 

L H (f) - e/2 < Length({ 7 (t) : t G [0, 1]}) (e 12.33) 

Combining ()c 12.27j) . one has 



Length({vr t o #}) - e < Length({ 7 (i) : t G [0, 1]}). (e 12.34) 

Let e — > 0. One conclude that 



Length({7r t o H}) < Length({ 7 (7j) : t G [0, 1]}). (e 12.35) 

□ 
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Remark 12.10. If X is a path connected compact subset of C™, with 
dist(£,C) = max |x f - yt\, 

l<i<n 

where £ = (x±, X2, x n ) and y = (yi,y2, Vn)- One easily shows that (|e 12.26[) 
becomes an equality. When X = 7 and 7 is smooth, then it is also easy to check 
that (|e 12.26[) becomes equality. 

Lemma 12.11. Let X be a path connected compact metric space and let £x € X 
be a point. 

(1) Then L(X x S\£ x xl)< ^/Lpf.f) 2 +tt 2 . 

(2) Suppose that A is a unital C* -algebra and h : C(X) —> A is unital ho- 
momorphism with finite dimensional range. Let ifi : C{X) — > A be defined by 
VK/) = f{£x) • 1a- Then, for any e > 0, and finite subset T C C(X), there exist 
two homomorphisms H\,H2 : C(X) — > C([0, suc/i i/iai 

itqoHx^ h, TTi o iJj = ^ for all / G C(X), (e 12.36) 

Lcngth({7r t o H}) < L{X, &) + e (e 12.37) 

and 

ttq o H2 = h, 7Ti o ff 2 ~e V' f° r au / € J 7 and (e 12.38) 

Length^ o ff 2 }) < L(X, fr). (e 12.39) 

(3) Suppose that h\,h2 : C{X) — > A are two unital homomorphisms so that 
hi(A),fi2(A) d B a A, where B is a unital commutative finite dimensional C* - 
subalgebra. Then, for any e > 0, there is a unital homomorphism H : C(X) — ► 
C([0, l],B) such that 

TTtoH = hi, TT\oH = h2 and (e 12.40) 

Length^ o H}) < L(X) + e. (e 12.41) 

(4) Suppose that h : C(X x S 1 ) — > A is a unital homomorphism with finite 
dimensional range, where A is a unital C* -algebra. Then, for any e > 0, there 
exists a homomorphism H : C(X x S 1 ) — > C([0, 1],^4) such that 

tt oH = h, 7T! o H(f) = f(£ x x 1)1a for all / G C(X x S 1 ), (e 12.42) 



Length({7r f o H\ c(x)m }) < L(X, £ x ) + e, (e 12.43) 

Length({7r t o ffli^ccs 1 )}) < t and (e 12.44) 

[7T f o F(l ® z), n t > o F(/ <g> 1)] = (e 12.45) 

/or any / G C(X) and i, € [0, 1]. 

(5) If h\,h2 : C(X x S* 1 ) — * B are two unital homomorphisms, where B is a 

unital commutative finite dimensional C* -algebra, then for any e > 0, there exists 
a homomorphism H : C(X x S 1 ) — > C([0, 1],-B) suc/i £/iai 

n °H = hi, mo H = h 2 (e 12.46) 



Length({7r t o ff| C (x)®i}) < + e, (e 12.47) 



Length({vr t o H\ mc(s ^}) < tt. (e 12.48) 



12. HOMOTOPY LENGTH 



Proof. We may assume that L(X,£x) < °°- Then L(X) < oo. 
(1) is obvious. 
For (2), let 

n 

Kf)=^2f(xi)ei for all feC(X). 

i=l 

where x\, x 2 , x n € X and {e^ : i — 1,2, ...,n} is a set of mutually orthogonal 
projections such that Y17=i e * = For any e > 0, define 

V = °X,e,F and e x = min{e,7y}. 

For each i, there is a rectifiable continuous path 7, : [0, 1] — > X such that 7i(0) = ar^ 
and 7i(l) = £x sucn that 

Length({ 7i }) < L(X,£x) + ti, i = l,2,...,n, 

Define #1 : C(X x S 1 ) -> C([0, 1], A) by 

»rtofr 1 (/)=5^/( 7i (t))e i 

i=l 

for all / € C(X x S 1 ) and < € [0, 1]. 

Fix a partition P : = to < t\ < ■ ■ ■ < tfc = 1. For any / S C(X) with Lf <1, 
by applying [12H 

fe k n 

^httoHxifi-nt^oHxWW = E(El/(^fe))-/(7ife-i))|ei) 

J=l i=l i=l 

= £El/(7i(*i))-/(7ifo-i))|ei) 
i=i 3=1 

< max |/( 7i (*i)) -/(7i(*i-i))|} 

Ki<n L — * 
~ ~ J=l 

< L(X,Cx)+ei. (e 12.49) 

It follows that 



Length({7r t o H t }) < L(X, £ x ) + e. (e 12.50) 

By re-parameterizing the paths 7^, we may assume that, for some a £E (0, 1), 
Length({ 7l (t) : t <E [0,o]}) < and 

Length({ 7j (<) : t € [o, 1]}) < r?, (e 12.51) 

i = 1, 2, ra. Define H 2 ■ C(X) -> C([0, 1], A) by 7r t o i/ 2 = tt± o i?^ We have that 

dist(fx,7i(a)) < ry, i = l,2, ...,n. 
It follows that, for / G T, 

hioH 2 {f)-^{})\\ = ||7r a oJf 1 (/)-/(£ x ).l A || 

n n 

= llE/(7iW)e i -E/(ex)e i ||<e. (e 12.52) 

i=l i=l 

Moreover, 



Length({vr t o H 2 }) < L{X, ). (e 12.53) 
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For (3), suppose that B is the commutative finite dimensional C*-subalgebra 
generated by {ei, e2, e m }, where ex, e m are non-zero mutually orthogonal 

projections. We may write 

m 

h(f) =Y J f( x ^)e k for all / G C(X), 

k=l 

where {xi >k '■ 1 < k < m} is a set of (not necessarily distinct) points in X, i = 1, 2. 
For any e > 0, for each k, there exists a continuous path {-fk : t G [0, 1]} in X such 
that 

7fc(0)=ii,fc, 7fc(l)=X2,fe and 
Length({ 7fc (i)}) < L(X) + e. 
Define H : C(X) -» C([0, l],B) by 

m 

7r t o H(f) = f(lk(t))e k for all / G C(X). 
fe=i 

Similar to the estimate (|e 12.491) . we obtain that 

Length^ o H}) < L(X) + e. 

For (4), we write 

n m 

j=i 3=1 

for all / G C(X x S* 1 ), where xi, 0:2, x n G X and tx,t2,---,t m G £ , and 
{ejj, z = 1, 2, n,j — 1,2,..., m} is a set of mutually orthogonal projections such 
that J2i j e i,j — 1a- For each i, there is a continuous path 7$ : [0, 1/2] — > A" such 
that 7,(0) = x, and 7i (l) = f X - Define h t : C*(X x S 1 ) — ► A by 

n m 

for all / G C(X x S 1 ) and f G [0, 1/2]. If L(X,£ X ) < 00, then, for any e > 0, we 
may also assume that 

Length({ 7l }) < L(X, + e, i = 1,2, n. 

There is for each j, a rectifiable continuous path Xj : [1/2, 1] — ► 5 1 such that 

Aj(0) = tj, Xj(l) = 1 and Length({A J }) < tt 

j = l,2,...,m. For fe [1/2,1], define 

11 m 

for all / G Cpf X 
Note that 

ht(f)h t '(f) = h t ,(f)h t (f) for all / G <7(X x S 1 ) (e 12.54) 

and any i, t' G [0, 1]. We then define i? : C(JC x S 1 ) -> C([0, 1], A) by 

(/)(*) = for all / G C(X) and t G [0, 1] 

By the proof of (2), it is easy to check that (|c!2.42|) . (|c 12.43|) . (lc 12.44j) and (|e 12.45ft 
hold. 
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Part (5) follows from the combination of the proof of (3) and (4). 
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13. Approximate homotopy for homomorphisms 

Theorem 13.1. Let X be a path connected compact metric space with the base 
point £x and let A be a unital separable simple C* -algebra which has tracial rank 
zero, or is purely infinite. Suppose that h : C{X) — > A is a unital monomorphism 
such that 

[h\c o{ Y x) ] = TO in KL(C(X),A). (el3.1) 

Then, for any e > and any compact subset T C C(X), there is homomorphism 
H : C(X) -> C([0,1],A) such that 

7To o H ~ e h on T and ni o H = ip, (e 13.2) 

where ip(f) — f{£x) ' 1a- Moreover, 

Length({7r t o iff) < L(X,tx). (el3.3) 

Proof. Note that [ip\ Co (Y x )} = 0. Thus [i/j] = [h] in KL(C(X),A). By Theo- 
rem 3.8 of |14) (in the case that TR(A) — 0), or by Theorem 1.7 of [5] (in the case 
that A is purely infinite), there is a homomorphism ho : C(X) — > A with finite 
dimensional range such that 

hi ~ e /2 ho on T . 

Since Hq has finite dimensional range, by 112.111 there is a homomorphism H : 
C(X)->C([0,1],A) such that 

7To o H ~ e /2 ho on J 7 and 7Ti o H = ip. 

Moreover, 

Leigth({7r t o ff}) < L(X,£ X ). 

□ 

Proposition 13.2. Let ^4 and £? oe two unital C* -algebras and let hi, /12 '■ A — > 
£? &e two unital homomorphisms. Suppose that, for any e > and any finite subset 
T <Z A, there is a unital homomorphism H : A — > C([0, 1], £?) smc/i t/iat 

no o H = hi and tti o iJ « e /i 2 

TTien 

[ft x ] = [/i 2 ] m KL(A, B). 
Proof. This follows straightforward from the definition and see 12.71 

□ 

Proposition 113.21 states an obvious fact that if hi and hi are homotopic then 
[hi] = [hi] in KL(A,B). We will show that, when A = C(X) and B is a unital 
purely infinite simple C*-algebra or B is a unital separable simple C*-algebra of 
tracial rank zero, at least for monomorphisms, [h] is a complete approximately 
homotopy invariant. 
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Theorem 13.3. Let X be a compact metric space and let A be a unital purely in- 
finite simple C* -algebra. Suppose that hi, hi : C(X) — > A are two unital monomor- 
phisms such that 

[hi] = [h 2 ] in KL{C{X),A). (el3.4) 

Then, for any e > and any finite subset T C C(X), there is a unital homomor- 
phism H : C(X) -> C([0, 1], A) such that 

ttq o H — hi and tti o H ~ e hi on T ', (e 13.5) 

Moreover, each ir t o H is a monomorphism {for t G [0, 1]) and 

Length({7r t o H}) <2ir + e and (e 13.6) 

//, in addition, X is path connected, then 



Length({7r t o H}) < 2nL p {X) + e. (e 13.7) 

Furthermore, the converse also holds. 

Proof. It follows from a theorem of Dadarlat [5] (see ll0.3|) that hi and hi are 
approximately unitarily equivalent, by applying 112.11 we obtain a unitary u G A 
with [it] = in Ki(A) such that 

adit o hi ps e 

By a theorem of N. C. Phillips ( |41j ). there is a continuous unitaries {u t : t £ [0, 1]} 
fsee ll3.ll or see Lemma 4.4.1 of j 281 for the exact statement) such that 

ito = 1, ui = u and Length({w t }) < ir + e/2. 

Define H : C(X) -> C([0, 1], A) by H(f)(t) = &du t o hi(f) for / G C(X). Then, 

ttq o H = hi and 7Ti o i? = ad it o hi. 

Moreover, we compute that 

Length({vr t o H}) < 2tt + e. (el3.8) 

If X is path connected and L(X,£x) < oo, we may choose {ut : t € [0, 1]} so 

that 

Le J1 gth({M)< 7 r+ 4(1+ £ £(x)) . 

Then (|e 13.8|1 becomes 

Length({7r t o H}) < 2n 



2{l + L{X)) 

ByHHl 

Lnegth({vr t o H}) < 2ttL p (X) + e. 

□ 

Remark 13.4. The assumption that both hi and hi are monomorphism is 
important. Suppose that X has at least two path connected components, say X\ 
and Xi. Fix two points, G Xj, i = 1,2. Suppose that A is a unital purely 
infinite simple C*-algebra with [1^] = in K Q (A). Define hi : C(X) — > A by 
M/) = /fe) ' 1a for all / G C(X), i = 1,2. Then [/n] - [ft a ] = in KL(C(X), A). 
It is clear that they are not approximately homotopic. However, when X is path 
connected, we have the following approximate homotopty result. 
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Theorem 13.5. Let X be a path connected compact metric space and let A be 
a unital purely infinite simple C* -algebra. Suppose that hi,h,2 : C(X) — > A are two 
unital homomorphisms such that 

[K] = [h 2 ] in KL(C(X),A). 

Then, for any e > and any finite subset T C C{X), there exist two unital homo- 
morphisms Hi, H2 ■ C(X) — > C([0, 1], A) such that 

7T O H\ W e / 3 hi, 7Ti O Hi W e /3 7T O _ff 2 Tl ° #2 ~e/3 ^2 071 J 7 . 

Moreover, 

Length({rr t o < L(X, f x )(l + 2tt) + e/2 and 
Lelgth({7rt o H 2 }) < L(X, 6) + e/2, 

where is (any) point in the spectrum of hi, % = 1,2. 
(Note <Z p (Jf)) 

PROOF. Let e > and J 7 C C(X) be finite subset. Let S > and £ C C(X) 
be a finite subset required in ll0.3l for e/3 and T . 

Suppose that £j is a point in the spectrum of hi, i = 1,2. It follows from virtue 
of 110.81 and 110.91 that we may write that 

+ <e/3 and (el3.9) 

IM/) " (h' 2 (f) + m) P2 )\\ < e/3 (e 13.10) 

for all / € Q, where pi,pi are projections in A with [p{] = [pg] = and /i^ : 
C(X) — > (1 — p»)A(l — pi) is a unital monomorphism with = [hi] = [hi] in 
KL(C(X), A), i = 1,2,. Denote <&(/) = /(&>« for all / G C(X). Suppose that 
{xi, x 2 , a; m } C C(X) such that 

max{ 11/(^)11 :i = l,2,...,m}> (3/4)||/|| for all /eg. (e 13.11) 

There are to non-zero mutually orthogonal projections Pi,i,Pi,2f-->Pi,m £ PiApi 
such that [pi,i] = 0,i = l,2. Define 

m 

#(/) = E /foK* for a11 / e i = 1)2. (e 13.12) 

fc=i 

By 112.111 there is a unital homomorphism fZ? : C(X) — > C([0, l],pjj4pj) such that 
7T o if? = hi + (j>i and 7Ti o f^ = h[ + 0- (e 13.13) 

i = 1,2. Moreover, 

Length^ o < L(X, + e/2, i = l,2. (e 13.14) 

Note that both h\ + 4>i are 1/2-^-injective homomorphisms and 

[K + 4>'i] = Wi] = [hi] = [h' 2 + cj>' 2 ]. (e 13.15) 

Combining 110.31 and 112.11 we obtain a unitary u E A with [u] = in Ki (A) such 
that 

ad u o (h[ + (/)[) « e /3 /i 2 + 02 on 5- ( e 13.16) 

Let {u t : i £ [0,1/2]} be a continuous path of unitaries in A such that u = 1, 
Mi = u and 

Lenghth({wt}) < rr + e/8(l + 



88 



4. APPROXIMATE HOMOTOPY 



Now define H x : C(X) C*([0, l],A) as follows 

o _ f 7r 2t o for all i € [0, 1/2] 

71-4 ° 1 ~ jadu t o(/j' 1 + </>' 1 ) for all t G (1/2, 1], 

Define H 2 : C(X) -> C([0, 1], A) by n t o H 2 = ni- t o H' 2 . 

We check fapplving i 12.9ft that i?i and i?2 meet the requirements of the theorem. 

□ 

Lemma 13.6. Let X be a finite CW complex, let e > and let T C C(X) be 
a finite subset. Let r\ = <Jx,e/i6,F- Let {x\, x 2 , ■ x m } be an r]/2-dense subset of X 
for which Oi fl Oj = (if i ^ j), where 

Oi — {x G X : dist(x, X{) < r)/2s}, i = 1, 2, m 

for some integer s > 1. Let < a < l/2s. 

There exists 5 > 0, a finite subset Q C C(X) and a finite subset V C K_(C(X)) 
satisfying the following: 

Suppose that A is a unital separable simple C* -algebra with tracial rank zero 
and suppose that ip : C{X) — > A is a unital 8 -Q -multiplicative contractive completely 
positive linear map such that 

[ip]\-p = [h]\-p and fi T oip(Oi) > a ■ rj, i = 1,2, ...,m (e 13.17) 

for some homomorphism h : C'(X) — > A. Then, there exists a monomorphism 
4> : C(X) -> A suc/i f/iai 

V> » e <p on T (e 13.18) 

Proof. To simplify the notation, by considering each component, without loss 
of generality, we may assume X is connected finite CW complex. Let e > and 
T C C(X) be a finite subset. Let r\ > 0, {x\,x 2 , ..,x m }, a > 0, s > and Oi be as 
in the statement. 

Let o~ i = <r/2. Let 7 > 0, & C C(X), ^ > ( in place of i) and V C 1£(C(X)) 
be as required by Theorem 4.6 of [32] for e/4 (instead of e ), J 7 , cri (in place of cr) 
and r\ above. 

We may also assume that 

[Li\\v = [^ 2 ]|p 

for any pair of 5i-C/i-multiplicative contractive completely positive linear maps from 
C(X) to (any) unital C*-algebra B, provided that 

L\ ~Si L 2 on Qi. 

Let 82 > and Q C C(X) be a finite subset required in 15.91 for min{e/4, S\/2} 
(in pace of e) and Q\ (in place of T). We may assume that S 2 < min{<5i, e/4} and 

Let S = S 2 /4. Let ip be as in the statement. Without loss of generality, by 
applying Lemma 15.91 (with ip = (p) we may write that 

W) «*/ 2 ifc © &o(/) for all / € (e 13.19) 

where ipi : C(X) — > (1 — p)A(l — p) is a unital 5i/2-(?i-multiplicative contractive 
completely positive linear map and /iq : C(X) — * pAp is a homomorphism with 
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finite dimensional range, p is a projection with r(l — p) < 7/2 for all r 6 We 
may further assume that 

VrohaiOi) > cri • 77/2 = a- T), i=l,2, ...,m. (e 13.20) 

Note that we assume that X is connected. Fix £x € X and let Y"x = X \ {£x}- 
Since /io is a homomorphism with finite dimensional range, 

[ho\c {Y x) ] = in KL(C (Y X ), A). (e 13.21) 

It follows from 14.21 that there is a unital monomorphism hi : C(X) — > (1 — 
p)A(l — p) such that 

Mc„(r*)] = Wc (r x )]. (e 13.22) 

By ()el3.19|l . (|el3.22|l and (lel3.21jl . 

Ml?> = [ipi]\v in Xi^(C(X),A). (e 13.23) 

By applying Theorem 4.6 of [32] . we obtain a unitary u G A such that 

ad u o (/i! © h ) w e/2 Vi © /io on J 7 (e 13.24) 

Put /i = adu o (hi © /iq). Then h is a monomorphism. We have 

hK e ij) on JT. (e 13.25) 

□ 

Lemma 13.7. Let X be a finite CW complex and let A be a unital separable 
simple C* -algebra with tracial rank zero. Suppose that h : C(X) — > A is a unital 
homomorphism with the spectrum F. Then, for any e > and any finite subset 
T C C'(X) and 7 > 0, there is a projection p G A with r(l — p) < 7 for all 
t G T(A) and a unital homomorphism ho : C(Y) — > pAp with finite dimensional 
range and a unital monomorphism <fi : C{Y) — > (1 — p)A(l— p) for a compact subset 
Y which contains F and which is a finite CW complex such that 

h ~ e ho o si © <p si on J-, 

where si : C(X) — > C{Y) is the quotient map. 

PROOF. Let e > 0, 7 > and let T c C(X) be a finite subset. Let r\ > 
be such that \f(x) — f(x')\ < e/32 whenever distfx, x') < 2rj and for all / € T. In 
other words, 77 < f^i/H^l. 

There is a finite CW complex Y such that FcYcI and 

yc{x6l: dist(a;, F) < ry/4}. (e 13.26) 

Denote by s\ the quotient map from C(X) onto C(y). Suppose that Y = 
L-l|=i.li, where each y^ is a connected component of Y. Let E\,E^ .., -Ejc be mutually 
orthogonal projections in C(K) corresponding to the components Yi, Y2, Xk:- 

Define /ly : C(y) — ► A such that ft,y o si = h. Let {xi,X2, ...,x m } be an ry/4- 
dense subset of Y. By replacing X\,X2, ■■■,x m by points in F, we can still assume 
that they are ry/2-dense in Y. There is an integer s > 1 for which L n Oj = 
(i 7^ j), where 

Oi = {x G y : dim(x, £j) < ri/2s}. 

Note that 2rj < o- Y ,e/32, Sl (F)- 
Put 

(To = inf {/"ro/sy (A) : 1 < i < to, r G T(A)}/to 
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Since A is simple and Xi <E F, i — 1, 2, to, ctq > 0. We may assume that to > 2. 
Choose a > so small that it is smaller than <jq and (1 — 1/to)cto- 

Let S > 0, Q, V and 71 > be as required by 4.6 of |32) for Y corresponding 
to the above e/4, s\{!F) and c. Let 

72 = min{7, 71, a r//m}. 

We may assume that 

[Li]\v = [L2]\v 

for any pair of ^-^-multiplicative contractive completely positive linear map L\.Li : 
C{Y) -> A provided that 

L x w 5 L 2 on 

We may also assume that E±, E2, .., i?^ C 5. 

Let C/i C C(F) be a finite subset such that Q C </i. By applying 15. 3i we may 
write 

fry -.5/2 V> © fto on ( e 13 - 27 ) 

where V : C(Y) — » (1 — p)A(l — p) is a unital (5-<7i-multiplicative contractive 
completely positive linear map and ft, : C(y) — > pAp is a unital homomorphism 
with finite dimensional range and p € A is projection in ^4 with r(l — p) < 72 for 
aJl reT(A). 

With sufficiently large Q\ and smaller 5, we may assume that 

fJroh' (Oi) > (1 - l/m)a r) > ar\ 

for all t g i = 1,2, ...,to. 

By (|e 13.27|) . we may also assume that 

[h Y ]\v = bP®ti ]\ v . (e 13.28) 

Suppose that hy{Ei) = ej and h' (Ei) = e^, £ = 1, 2, K. 
Fix a point £j g Y\ and let f2j = By |4.21 there is a unital monomorphism 

h$ : C{Yi) -> (e l - e-)A(e l - e-) such that 

[^lc (no] = [^lca(no]- ( c13 - 29 ) 

Define ^00 : C{Y) -» (1 - - p) by h o(/) = l£i 4o(/k) for / g C(K). ft 

follows from (|e 13.28ft that 

[hoo]\v = W\\v- 

It follows from 4.6 of [32] that there is a unitary uei such that 
h' ®ij) ~ e /4 &dw o (h' © /ioo) on Sl(-7"")- 

Define /lo^adwo/ij and ^ = adwo /i 00 . 

From the above, ho and <p satisfy the requirements. 

□ 

Theorem 13.8. Let X be a connected finite CW complex and let A be a unital 
separable simple C* -algebra with tracial rank zero. Suppose that '■ C{X) — > A 

are two unital monomorphisms such that 

[fa] = [fa] in KL(C(X),A). (e 13.30) 
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Then, for any e > and any finite subset T C C(X), there exists a unital homo- 
morphism H : C(X) — > C([0, such that 

ttq o H f=a e ipi and tt\ o H « e tp2 on T . (e 13.31) 

Moreover, each ir t o H is a monomorphism and 



Length({vr t o H}) < L{X) + L p (X)2ir + e. (e 13.32) 

PROOF. Let 5 > and Q C C(X) be a finite subset required by Theorem 3.3 
of 32 (for V>2 being the given unital monomorphism) and for e/4 and T given. By 
113.71 we may write that 

V>1 ~min{6/4,5/2} hi © h on Q. (e 13.33) 

where h\ : C(X) — > (1 — p)A{\ — p) is a unital monomorphism, ho : C(X) — > 
is a unital homomorphism with finite dimensional range and p € A is a projection 
such that t(1 — p) < 5/2 for all r 6 T(A). By 14.31 there is a unital homomorphism 
/too : C(X) — ► pAp with finite dimensional range such that 

sup{|r o ftoo(/) - r o V> 2 (/)| : / e S, r G T(A)} < 5/2. (e 13.34) 

Write 

m m 

h (f) = E f( x i)Pi and M/) = E /tete for a11 / e C W< ( e 13 - 35 ) 

where Xi,?^ € X and {pi,p2, and {ei, e2, e m } are two sets of mutually 

orthogonal projections with p = y^-_j V% = Sj=i e i- It follows from 15.81 that there 
is a unital commutative finite dimensional C*-subalgebra B of pAp which contains 
Pi,P2, ■■■,Pn and a set of mutually orthogonal projections {e' 1; e' 2l e^} such that 
l e 'j] = [ e j], 3 = h 2, -,m. Define 

m 

hUf) = E /( s i) e J for a11 / e ( e 13 ' 36 ) 

3=1 

Note, by |12.1H there is unital homomorphism <!>! : C(X) — > C([0, 1],B) such 

that 

tto ° $i = /i for all / S C(X), 7ri o $i = /i 00 and 



Length({7r t o $ x }) < L(X) + e/2. 
It follows that there is a homomorphism iJi : C(X) — > pAp such that 

ttq o Hi = hi © /iq on JF, n\ o Hi = h% ® h' 00 and (e 13.37) 



Length({7rt o Hi}) < L(X) + e/2. (e 13.38) 

Since [e£] = [e^], j = 1,2, ...,m, by (|e!3.34|) . 

sup{|r o (hi © to ip2 if) | • t € T(A)} < J 

for all / eg. 

By applying Theorem 3.3 of [32], we obtain a unitary u £ A such that 

ad u o (/ii © /loo) ~e/4 "02 on JF. (e 13.39) 

It follows from 1 1 2. T1 that we may assume that u G Uo(A). It follows that there is a 
continuous path of unitaries {ut : t € [0, 1]} of A for which 

m = 1a, Ui = u and Length({u t }) < 7r + £ , .. . (e 13.40) 

4(1 + -L(A )) 
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Connecting irtoHi with &duto(hi(Bhoo), we obtain a homomorphism H : C(X) — > 
C([0,1],A) such that 

n a o H = hi (B h on J 7 , 7Ti o ifj = ad u o (hi ft-oo) and (e 13.41) 

Length({7r t o H}) < L(X) + L p (X)2t: + e. (e 13.42) 

It is clear that H meets the requirements. 

□ 

Theorem 13.9. Let X be a connected finite CW complex and let A be a unital 
separable simple C* -algebra with tracial rank zero. Suppose that ipi,ip2 ■ C(X) — > A 
are unital homomorphisms such that 

= [H in KL(C(X),A). 

Then, for any e > and any finite subset J 7 C C(X), there exist two homomorphism 
Hi : C(X) -> C([0, 1], A) (i = 1, 2) such that 

tt q o Hi w e /3 ipi,iri o Hi w e / 3 7r o H 2 and ir x o H 2 ~ £ / 3 ^2 on T. 

Moreover, 

Length({7r t o H x }) < L(X) + 2nL p (X) + e/2 and 

Length({vr f o H 2 }) < L(X) + e/2. 

Proof. It follows from l4.2l that there is a unital monomorphism (f> : C(X) — > A 
such that 

[<t>] = [H = [H in KL(C(X),A). (e 13.43) 

Let J > and Q C C(X) be a finite subset required by Theorem 3.3 of |32) (for <j> 
being the given unital monomorphism) and for e/8 and T given. By 113.71 we may 
write that 

Ipi ~min{e/4,5/2} K © h$> On Q. (e 13.44) 

where hi : C(X) — > (1— pi)A(X— pi) is a unital homomorphism, h : C(X) — > piApi 
is a unital homomorphism with finite dimensional range and Pi € A is a projection 
such that t(1 - p ( ) < (5/2 for all t e T(A), i = 1,2. By [Ol there is a unital 
homomorphism /i q : C(X) — > PiApi with finite dimensional range such that 

sup{|ro /$(/)- to #/)| :feg,reT(A)}<6/2. (e 13.45) 

By applying 15.81 112.111 and the proof of 113.81 without loss of generality, we may 
assume that there is unital homomorphism $i : C(X) — > C([0, l],piApi) such that 

7T0 O = 4* } > ° $ i = h 00 and 

L^gth({^ o $,}) < L(X) + e/4. 
It follows that there is a unital homomorphism H[ : C(X) — > C([0, 1], A) such that 
ttq o H[ = hi ® hf , ttx o ff? = ftj © ftW and ( e 13 _ 46 ) 

Length({7r f o flft) < L(X) + e/4. (e 13.47) 

Note that 

snp{\r o (hi ®h^)(f)-ro^(f)\:r&T(A)}< 5 



14. APPROXIMATE HOMOTOPY FOR APPROXIMATELY MULTIPLICATIVE MAPS 93 



for all / £ Q. By applying Theorem 3.3 of |32j . we obtain a unitary u £ A such 
that 

adu o (/ij ffi 4o) ~e/4 ^2 © 4o on jr - ( c 13 - 48 ) 

It follows from 1 1 2. T1 that we may assume that u £ Uq{A). It follows that there is a 
continuous path of unitaries {ut : t £ [0,1]} of A for which 

u Q = 1 A , u x =u and Length({u t }) < tv + — ^JTjq - ( e 13.49) 

Connecting ivtoH' x with ad'Uto(/i 1 ©/i[ ) p'') J we obtain a homomorphism Hi : C(X) — > 
C([0,1],A) such that 

ir o Hi = hi (B 7Ti o w e / 4 /i 2 © /iqq^ on J 7 and (e 13.50) 

Length({vr f o < L(X) + L p (X)2tv + e. (e 13.51) 

Define Hi by TVtoH' 2 — TVi-t H' 2 . It is clear that Hi and f/2 meets the requirements. 

□ 



14. Approximate homotopy for approximately multiplicative maps 

Theorem 14.1. Let X be a compact metric space, let e > and let T C C(X) 
be a finite subset. Then there exits 8 > 0, a finite subset Q C C{X) and a finite 
subset V C K_(C(X)) satisfying the following: 

Suppose that A is a unital separable purely infinite simple C* -algebra and sup- 
pose that ipi, ip2 '■ C{X) — > A are two 8 -Q -multiplicative and 1/2-Q-injective con- 
tractive completely positive linear maps. If 

[ipi]\v = [H\v, (el4.1) 

then there exists an t-T -multiplicative contractive completely positive linear maps 
Hi : C{X) -> C([0,1],A) such that 

7r o H w e ipi, tv i o H « e -02 on T. 

Moreover, 

Length({7r t o H}) < 2vr + e (e 14.2) 



Length({vr t o H}) < 2ivL p {X) + e (e 14.3) 

PROOF. Let e > and let T C C(X) be a finite subset. It follows from 110.31 
12.231 and 110.11 that, for a choice of 8, Q and V as in the statement of the theorem, 
there exists a uniatry u £ A and there exists a projection p £ A such that 

aduo^(/)» e/2 V»a(/) and ^(/)w £ /a(l-p)^(/)(l-p) + /(0P ( c14 - 4 ) 
for f £ T and for some £ € X). As in the proof fl"2~Tl one finds a unitary w £ pAp 
with [1 — p + w] = [u] in K\(A). Thus (by replacing e/2 by e), we may assume 
that u £ Uo(A). We then, by a result of N. C. Phillips, obtain a continuous path of 
unitaries {u t : t £ [0, 1]} such that 

u = 1, i«i = U and Length ({u t }) < tv + 6 T , V ^ - 

4(1 + h{X)) 

Define H : C{X) -> C*([0, 1]) by 7r t o # = adu f o /n for t £ [0, 1]. 
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□ 

Theorem 14.2. Let X be a a connected finite CW complex, let e > and let 
T C C(X) be a finite subset. Then there exits S > 0, a finite subset Q C C{X) and 
a finite subset V C K(C(X)) satisfying the following: 

Suppose that A is a unital separable purely infinite simple C* -algebra and sup- 
pose that ipi,ip2 : C(X) — + A are two S-Q -multiplicative contractive completely 
positive linear maps. If 

[Mv = [H\v, (el4.5) 

then there exist two e- T -multiplicative contractive completely positive linear maps 
Hi,H 2 : C{X) -> C([0, 1], A) such that 

7T o Hi w e/3 ipi, 7Ti o Hi w e/3 7T o H 2 and 

Hi o H 2 w e / 3 ^2 on J 7 . 

Moreover, 

Length({7r t o iJi}) < L P (X)(1 + 2tt) + e and (e 14.6) 

Length({7r t o H 2 }) < L p {X) + e. (el4.7) 
PROOF. Fix e > and fix a finite subset J 7 C C(X). 

Let <5i > and let Q x C C(X) be a finite subset and let P C K(C(X)) be a 
finite subset required by 110.31 for e/4 and J 7 . We may assume that 

[Li\\v = [L 2 }\v 

for any pair of o"i-C/i-multiplicative contractive completely positive linear maps 
Li,L 2 : C(X) — > A, provided that 

^1 ^2 on Qi. 

Let (52 > and a finite subset Q 2 C C(X) required by 110.11 corresponding to the 
finite subset Qi and positive number min{e/6, <5i/2}. 
Choose S — min{5i, 6 2 , e/6} and Q = Qi U Q 2 U T . 

Now suppose that ipi and "02 are as in the statement with above S, Q and V '. 
We may write 

0i ~min{i 1 /2,£/6} © ^ On 01, 

where fa : C(X) — > (1 — pi)A(l — Pi) is a <5i/2-£i-multiplicative contractive com- 
pletely positive linear map and hi : C(X) — ► PiApi is defined by = f(£i)Pi 
for all / G C(X), where ^ £ X is a point and is a non-zero projection, i = 1,2. 
It is clear that we may assume that [pi] = in K$(A). There are xi,x 2 , ...,x m in 
X such that 

max{||.g(a; 4 )|| : i = 1, 2, m} > (3/4)||g|| for all g &Qi- (el4.8) 

There are non-zero mutually orthogonal projections Pi t i,Pi j2 , ■■■,Pi, m in PiM>i such 
that = 0, fe = 1,2, ...,m, and = Y2=iVi,k, i = 1,2. 
Define ^(/) = £™ , /(x fc )Pa for / G C(X). Note that 

= in KL(C(X),A). 

By |12.111 there is homomorphism H- : C(X) — » C([0, such that 

7T o = hi and tti o ff^ = hf , i = 1, 2. (e 14.9) 
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Moreover, we can require that 



Length({7r t o H^) < L(X, fc) + e/4, t = 1,2. (e 14.10) 

It follows from le 1 4~51 that fa is #i-£i-multiplicative and l/2-<?i-injective. 
Thus, by 110.31 there exists a unitary u € A such that 

adwo(< ? !) 1 ®4 1) )~^3 02©4 2) 011 (e 14.11) 

It follows from 1 12. II that we may assume that u E Uq(A). Thus we obtain a contin- 
uous rectifiable path {u t : t € [0, 1]} of A such that 

uq = 1a, Ui = u and (e 14.12) 

Length({w t }) < tt 
Define H x : C(X) -> C*([0, 1], A) by 



4(1 + L(X))- 



Then 



^©T^oF^ if te [0,1/2]; 

idu 2(i _ 1/2) o (0! e if* 6(1/2,1]. 



7T O Hi = fa 8 /ll, 7Ti O ff X P3 e/3 <£ 2 © ft,^ 011 ^ ( e 14 ' 13 ) 

Moreover, 



Length({7r t o Hx}) < L(X, £i)(l + 2tt) + e. (e 14.14) 

We then define H 2 : C(X) -> C([0, 1], j4) by ix t oH 2 = it x _ t o We see that 
iii and i?2 meet the requirements of the theorem. □ 

Theorem 14.3. Let X be a metric space which is a connected finite CW com- 
plex, let e > and let T C C(X) be a finite subset. Then there exists 5 > 0, a finite 
subset Q C C(X) and a finite subset V C K(C(X)) satisfying the following: 

Suppose that A is a unital separable simple C* -algebra with tracial rank zero 
and suppose ipi,ip2 '■ C(X) — > A are two unital 8 -Q -multiplicative contractive com- 
pletely positive linear maps. If 

[ipi]\v = [H\v, (e 14.15) 

then there exist two e -T -multiplicative contractive completely positive linear maps 
H U H 2 : C{X) -> C*([0, 1], A) such that 

7T oHi RJ e/3 ipi,TTi o Hi RJ £ / 3 7Ti o H 2 , and (e 14.16) 

7r o H 2 w e /3 ip 2 on T . (e 14.17) 

Moreover, 



Length({7r t o Hi}) < L(X) + 2nL p (X) + e and (e 14.18) 



Length({7r t o H 2 }) < L(X) + e. (e 14.19) 

PROOF. Fix e > and fix a finite subset J- C C{X). Let r\ = crx,e/32,F- Suppose 
that {xi, x 2 , x m } is ?7/2-dense in X. There is s > 1 such that Oi D Oj — 0, where 

Oi = {x G X : dist(x, xi) < rj/2s}, i = 1,2, m. 

Put a = T7\ — 1 , -m ■ 

Let 5i (in place of 5), 7 > 0, £1 (in place of Q) and C K_(C(X)) be as required 
by Theorem 4.6 of |32) for e/6 (in place of e) and T and a. We also assume that 
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2mar/ < 1 — 7. We may assume that 6 < e and T C Q. Furthermore, we assume 
that 

[Li]\v = Mlv 

for any pair of (5i-(?2-niultiplicative contractive completely positive linear maps 
L\,L% : C(X) — > A, provided that 

Li ~5i L 2 on Q\. 

Let S and Q be as in 15.91 corresponding min{^i/2, e/3} ( instead of e) and Gi 
(instead of Q) and 7/2. 

Let A be a unital separable simple C*-algebra with tracial rank zero and 
ipi,ip2 ■ C{X) — > A be as described. Bv l5.9( we may write 

Ipi ~min{5 1 /2 : e/6} 4>i © h on Q x (i = 1, 2), (e 14.20) 

where 4>i : C(X) — » (1— p^) is a unital contractive completely positive linear 

map and hi : C(X) — > PiApi is a unital homomorphism with finite dimensional 
range. 

Note that we assume that p\ and p 2 are unitarily equivalent and 

r(l-p i )<7/ 2 for all t€T(A), i=l,2. (e 14.21) 

There are non-zero mutually orthogonal projections Pi,x,Pi,2, ■■■iPi,m S PiApi 
such that X^fcLi Pi.fc = P» an( f 

rfaifc) > 1 ~ , , fc = 1,2,..., m and i= 1,2. (e 14.22) 

m + 1 

Since [pi] = [P2], we also require that 

[pi.fc] = [P2,d, fc = l,2,...,TO. (e 14.23) 

Define : C(X) -> by 

fc=i 

Bv l5.8[ without loss of generality, we may assume that there is a unital commutative 
finite dimensional C*-subalgebra Bi C PiApi such that hi(C{X)), %q ' (C(X)) C £>i, 
i = 1,2. 

It follows from I12.TT1 that there is homomorphism H[ : C(X) — > PiApi such 

that 

7T o ff? = fti, TTi o ij; = and (e 14.24) 



Length({vr t o #;}) < L(X)+e/4, i=l,2. (e 14.25) 

Note that, since X is path connected, 

[hi] = = [4 2) ] = N in ifi(C(X),A). (e 14.26) 

It follows from (|e 14.15|) . (|el4.20|) as well as (|c 14.26|) that 

[V'le^llp = [V>2®4 2) ]|p (e 14.27) 

We also have that 

^o { ^ h ^(°k)>r(Pi, k )>crv (e 14.28) 
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for all r e T(A), k = 1, 2, m, i = l,2. Moreover, 

© - © ^4 a) )(/3l < T (e 14-29) 

for all r € T(A) and all / € Qi . 



Thus, by Theorem 4.6 of |32j there exists a unitary u € A such that 

adu o (0! © h (1) ) w e/6 02 o 4 2) on .F. (e 14.30) 

By I12.1( we may assume that u £ Uq (A) . Thus we obtain a continuous rectifiable 
path {u t : t S [0, 1]} of A such that 

uo = 1a, u\=u and (e 14.31) 

Length({u t }) < tt + 4(1+ £ L(X)) . (e 14.32) 

Define ffi : C(X) -> C([0, 1], A) by 

' <f>i ® TT 2t o H[ ifte [0,1/2]; 

adu 2(f _i /2 ) o (0! © 4 1} )}) if t E (1/2, 1]. 



7T t O Hi = 

Then 
Moreover, 



ttq o i?i = 0! © /n, 7Ti o Hi « e/3 2 © h { 2) on J 7 . (e 14.33) 



Length({7r t oHi})< L(X) + 2irL(X, + e. (e 14.34) 

We then define ff 2 : C(X) -> C([0, 1], A) by % t o ff 2 = rri-t o We see that 
Hi and i?2 meet the requirements of the theorem. 

□ 

Remark 14.4. It should be noted that results in this section are not gener- 
alization of those in the previous section. It is important to know that ir t ° Hi in 
Theorem 114.21 and those in Theorem 114.31 are not homomorphisms, while 7r t o Hi in 
I13.9l and ll3.5l are unital homomorphisms. Furthermore, TTtoH in 113. 81 and 113.31 are 
unital monomorphisms. 



CHAPTER 5 



Super Homotopy 



15. Super Homotopy Lemma — purely infinite case 

In this section and the next we study the so-called Super Homotopy Lemma of 
[2] for higher dimensional spaces. 

Theorem 15.1. Let X be a path connected metric space and let T C C(X) be 
a finite subset. 

Then, for any e > 0, there exists S > 0, a finite subset Q C C(X) and a finite 
subset V C K_{C(X)) satisfying the following: 

Suppose that A is a unital separable purely infinite simple C* -algebra and sup- 
pose that hi,h,2 '■ C{X) —t A are two unital monomorphisms such that 

[hi] = [h 2 ] in KL(C(X),A). (el5.1) 

// there are unitaries u,v G A such that 



|| [%(/), u]|| <S, ||[ft a (/),«]|| <S for all feG and (el5.2) 

Bott(hi,u)| P = Bott(h 2 ,v)|-p, (el5.3) 

then there exists a unital monomorphism H : C(X) — » C([0, 1], A) and there exists 
a continuous rectifiable path {u t : i 6 [0, 1]} such that, for each t G [0,1], TT t oH is 
a unital monomorphism, 

uo = u, ui — v, 7To o H w e h\ and 7Ti o H w e h 2 on T (e 15.4) 

and 

\\[u t ,n t oH(f)]\\<e (el5.5) 
for all t G [0, 1] and for all f G T. Moreover, 

Length({7r t oH}) < 2tt + — + £ — — , (el5.6) 

Length({vr t o H}) < 2nL p (X) + e and (el5.7) 
Length({u t }) < 4tt + e. (el5.8) 

Proof. Let e > and let T C C(X) be a finite subset. We may assume that 

i c{ x) e T. Put 

ei = min{e/8,2sin(e/16)}. 

Let g C C(X x S 1 ) be a finite subset, T>\ C K(C(X x S 1 )) be a finite subset, 
Si > be a positive number associated with ei/2, and T ® S C C(X x S 1 ) as 
required by 110.31 where S = {l^^i), z} C C(S 1 ). By choosing even smaller Si, we 

may assume that G = Gi O S. Let "P 2 = (id - /3)(Pi) U /3("Pi). 
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We may also assume that Si < ei and T C Q\. Moreover, we may further 
assume that 

[£i]|-PiUP 2 = [-^2] I 

for any pair of <5i-C?o-multiplicative unital contractive completely positive linear 
maps L\, L 2 ■ C(X S 1 ) — > A, provided that 

Li L 2 on G . 

Let S 2 > and let Q 2 be a finite subset required by 1 1 1 . 21 corresponding to Gi (in 
place of F) and 8\/2 (in place of e). We may assume that S 2 < <5i/2 and C?i C Q 2 . 

Let (5 > and let Q C C(X) (in place of T\) be a finite subset required in 12.81 
for S 2 j2 ( in place of e) and Q 2 (in place of T). 

Let V £ K{C(X)) be a finite subset such that f3(V) D P(Vi)- Now suppose 
that hi,h 2 and u and v are in the statement of the theorem with the above <5, Q 
and V . 

By |2.8l there are S 2 /2-Q 2 eg) S*- multiplicative unital contractive completely pos- 
itive linear maps ^1, ip 2 '■ C(X) — > A such that 

WMf ® 9) - hi(f)g(u)\\ < S 2 /2 and (el5.9) 

\\Mf ® 9) ~ Hf)9(v)\\ < $2/2 (e 15.10) 

for all / £ Q 2 and g £ S. 

By applying 1 11.21 we obtain two continuous paths of unitaries {wi t t ■ t £ [0, 1]} 

in A and two unital monomorphisms <I>i : C(X x S* 1 ) — » A such that 

101,0 = m, w 2 ,o = u, it?i,i = ® 2;), (e 15.11) 

<<?i/2 and ||[/n(/),tui, t ]|| < ffi/2 (e 15.12) 

for all / e Q\ and all t £ [0, 1], i = 1, 2. Moreover, 

Length({u; M }) < tt + e/8. (e 15.13) 

It follows from (|e!5.1|) . (|e 15.3|) . (|e!5.9|) . (|e!5.10p and O that 

[$i]k = [3 2 ]|tv (e 15.14) 

Since $1 and $2 are homomorphisms, we have 

[*i]k = [*2]k- (e 15.15) 

It follows from 110.31 that there is a unitary £/ £ A such that 

adt/o $! «n $ 2 for all / £ T ® S. (e 15.16) 

By |12.1[ we may assume that U £ Uq(A) ( by replacing ei/2 by ei). It follows that 
there is a continuous path of unitaries {U t : t 6 [0, 1]} such that 

U = 1, Ui = U and Length({(7 t }) < tt + — — ^— - . (e 15.17) 

By ()e 15.16|) . there exists a £ A s , a such that ||a|| < e/8 such that 

(ad (U o $x(l ® z))*$ 2 (l 2;) = exp(ia). (e 15.18) 

Moreover 

|| cxp(iia) - 1|| < e/8 for all t £ [0, 1]. (e 15.19) 

Put z t = ad U o $ x (1 (g) 2;) exp(ita). Then 

z = ad[/o $ x (l (gi z), zi = $2(1 <S> z) and (e 15.20) 
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Length({z t }) < e/8. (e 15.21) 

Define Ut as follows 

'ttfi,3t if tG [0,1/3]; 

^Vi/3) $1 ( l8z )%i/3) iff 6(1/3,2/3]; 

Z6(t-2/3) if t € (2/3,5/6]; 

^2,3(2/3-t) if * G (5/6, 1] 
Define iJ : C(X ® S 1 ) -> A by 

f/ii if tG [0,1/3]; 

n t oH=l adU 3{t -i/s) ° hi if * G (1/3,2/3]; 
[adC/io/i! if tG (2/3,1] 

We compute that 

Length({u t }) < 2ir + 2e/8 + 2?r + 2e/8 + e/8 < 4tt + e and (e 15.22) 

Length^ o H}) < 2tt + + ' . (e 15.23) 

In particular, by |12.81 



Length^ o iff) < 2ttL J) (X) + e/4. (e 15.24) 

It follows from (|e!5.12j) and (|e 15.19|) that 

\\[ir t oH(f),Ut}\\ < 2{5x/2) +<5i/2 + 2(e/8) < e for all / G T. (c 15.25) 
We see that {u t : t G [0, 1]} and if meet the requirements. 

□ 

Theorem 15.2. Let I ie a connected metric space and let T C C(X) be a 
finite subset. 

Then, for any e > 0, there exists S > 0, a finite subset Q C C(X) and a finite 
subset V C K_(C(X)) satisfying the following: 

Suppose that A is a unital separable purely infinite simple C* -algebra and sup- 
pose that h\,hi : C{X) — > A are two unital homomorphisms such that 

[hi] = [h 2 ] m KL{C{X),A). (e 15.26) 

If there are unitaries u,v G A such that 

||M/),«]||<*, IIM/).«]II < S f° r al1 /G5 and (e 15.27) 

Bott(h x ,u)|p = Bott(h 2 ,v)| P , (e 15.28) 

then there exist two unital homomorphisms H\,H2 '■ C(X) — > C([0, and a 
continuous rectifiable path {u t : t G [0, 2]} such that, for each t £ [0, 1], 7tt o H is a 
unital homomorphism, 

uq = u, U2 = v, (e 15.29) 

ttq o H± ~ c hi, 7Ti o ifj w e 7To o if 2 i"i fli ~e ^2 on T , (e 15.30) 

||[t*t s 7r*o H x {f)\ || < e and (e 15.31) 

||[«i+t,7rtoff 2 (/)]|| < e for all t G [0, 1] (e 15.32) 
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and for all f G T. Moreover, 



Length ({7r t 


o H x : t G [0, 1/2]}) 


< 


L P (X) 


+ e/2, 




Length({7r t 


oHi :t G [1/2,1]}) 


< 




e 


(e 15.33) 




Length({7r t o Hx}) 


< 


L p (X) 


+ 2nL p (X) + e, 


(e 15.34) 




Length({7r t o H 2 }) 


< 


L P (X) 


+ e and 


(e 15.35) 




Length({u t }) 


< 


47r + e. 




(e 15.36) 



Proof. Let e > and let T C C(X) be a finite subset. We may assume that 
lc(x) € J~ and is in the unit ball of C(X). Put 

ei = min{e/8, sin(e/16)}. 

Let £ C C(X x S 1 ) be a finite subset, Pi C K(C(X x S* 1 )) be a finite subset, 
<5i > be a positive number associated with ei/2 and J 7 ® S 1 C C(I x 5 1 ) as 
required bv 110.31 where 5 = {lc(gi)) z} C C^S* 1 ). By choosing even smaller Si, we 

may assume that Go = Gi <8> 5. Let 7> 2 = (id - /3)(7>i) U /3("Pi). 

We may also assume that <5i < ei and F <Z Gi- Moreover, we may further 
assume that 

[-£i]|-PiU"Pa = [-^2] I 

for any pair of <5i-C?o-multiplicative unital contractive completely positive linear 
maps Li, L2 : C(X ® S 1 ) — > A, provided that 

Li L 2 on Go- 

Let S2 > and let ^ C C(I) be a finite subset required bv 15.51 for Si/ '4 (in 
place of e) and C/o- We may assume that 82 < Si/ 4 and Go C G2- 

Let (5 > and let G C C(X) ( in place of JF) be a finite subset required in 12.81 
for 62/2 ( in place of e) and Gi (in place of F). 

Let V G i^CpT)) be a finite subset such that /3(7>) D |9(7>i). 

Now suppose that hx,h<2 and zt and w are in the statement of the theorem 
with the above 8, G and V . Suppose that the spectrum of hi is Fi, i — 1,2. Let 
Si : C(X) — > C(Fi) be the quotient map, i = 1,2. Define ftj : C(Fi) — > A such that 
h t o s t = hi, i = 1, 2. 

Let 77^ > 0, let C C(Fj ) be a finite subset and let 7^ C ^(C^)) be 
a finite subset required bv 110.41 corresponding to Si(Gi) (in place of F) and £i/4 
which work for Fj, i = 1,2. We may assume that rjj < #i/4 and Si{G%) C S3 , 
i = 1,2. 

We may further assume that [L^] is well defined for any rji-G^ -multiplicative 
contractive completely positive linear map : C(Fi) — ► A. Put 77 = minjTyi,^} 
and let Gz C C(X) be a finite subset such that Sj((?3) D £3 , i = 1,2. 

By 12 .81 there are 82 /2-G2 ® S-multiplicative unital contractive completely pos- 
itive linear maps ij>x,ip2 ■ C(X) — » A such that 

WMf ® 5) - *U(/M«)|| < <V 2 (e 15.37) 

for all f & G2 and g & S, and 

||V> 2 (/ ® 3) - < (e 15.38) 
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for all / G Gi and g G S. 

By applying [53] (and see the remark [5. 6 j) . there is a nonzero projection p.; G A 
and ^, G F, C I and U G S 1 (i = 1, 2) such that 

- ((1 "Pi) + /(6)ff(*i)pi)ll < *i/4 (e 15.39) 

\\h 2 (f)g(v) - ((l-P2)h2(f)g(v)(l-p 2 ) + f(&)g(t 1 ) P2 )\\ < St/4 (e 15.40) 

for all f £ Gi and g G S*, 

||/i i (/)-((l-p)/i i (/)(l-p) + /te)Pi)ll <V/Z for all / e G 3 , (e 15.41) 

i = 1,2. Moreover, we may assume that (1 — pi)hi(\ — pi) is T)i-G 3 -multiplicative, 
i = 1,2. Furthermore, there are unitaries u>j G (1 — pj)vl(l — Pi) (i = 1, 2) such that 

||u-twi ©tiPiH < 5 t /2 and ||w - w 2 © t 2 _p 2 II < <5 x /2. (e 15.42) 

(Note that ry^ and (Jg 1 " 1 can be chosen, which depend on Fj, among other things, after 
<5 and Q are chosen, thanks to 15.51 ) 

By replacing pi by a non-zero sub-projection, we may assume that [pi] = in 
Ko(A) (see l5.6|) and (1 — Pi)hi(l — p%) is 1/2-^3 -injective. 

It follows that 

[(1-P)h l {l-P)]\ v ^=[h l ]\ v y, i = l,2. (e 15.43) 

It follows from ll0.4l that there is a unital homomorphism /ij : C(X) — » (1— pi)^4(l — 
Pi) (with spectrum i^) such that 

^ «fc/4 (1 -Pi) on Qt. (e 15.44) 

Let {xi, x 2 , x m } C X and {£i, C2, Cfe} <^ S" 1 such that 

max{||/(^ x 0)|| : 1 < j < m, 1 < I < k} > (3/4)||/|| for all / G Go- (e 15.45) 

There are mutually orthogonal non-zero projections {eg : 1 < j < m and 1 < Z < 
fc} in PiApi such that 



5^e)5 = p, and [eg] = in X (A), 



i = 1,2. Define h$ : x S 1 ) Vi-^Vi by 



4o (/) = E ^ x G) e 8 for a11 f^ C ( Xx Sl )- ( e 15 - 46 ) 

3,1 

It follows from I12.TTI that there is a unital homomorphism $i : C(X x S 1 ) -> 
C([0, l],pjApj) such that 

to o $<(/) = /(£ x and tt x o $,(/) = (/) (e 15.47) 
for all / G Cpf x S* 1 ) and 



Length({7r t o$ 4 | cp081 }) < L p (X) + e/4 (e 15.48) 

Length({7r t o $. ( (1 ® z)}) < tt, (e 15.49) 

i = 1,2. 

Now (1 - pi)^i(l - Pi) © /tpo and (1 - p 2 )^ 2 (l - P2) © fopo are both V 2 " 
Qi ® S- multiplicative, by (|e!5.37|) . (|e 15.38|) . (je 15.39|> and (|el5.40| . and are both 
1/2-^o-injective, by (le 15.451) . Put £■ = (1 -pi)^i(l - pi) © h^, i = 1,2. 
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Moreover, since [pi] = in K (A) and [h$] = in KL(C(X),A), by the 
assumption of Si and (7 > an d by the assumption (|e 15.26[) and (|e 15.28|> . 

[ii]k = [4]k- 

It follows from 110.31 that there is a unitary U £ A such that 

ad U o L[ w £l/2 L 2 on .F <g> & (e 15.50) 

By I12.1[ without loss of generality, we may assume that U 6 Uq(A), by replacing 
ei/2 by ei above. It follows that we obtain a continuous path of unitaries 
{U t : t £ [0, 1]} such that 

[7 = 1, C7i = £/ and Length({C7 t }) < tt + 6 (e 15.51) 

8(1 + jj 

By (|e 15.50|) . there exists a £ A SM such that ||a|| < e/8 such that 

{U*(wi © ^ooC 1 ® 2))f/)*(w 2 © ^oC 1 ® z )) = exp(m). (e 15.52) 

Moreover 

|| exp(iia) - 1|| < e/8 for all t £ [0,1]. (e 15.53) 

Put z t = U*(wi © /i o(l ® z))C7exp(iia). Then 

z = f/*(«?i 8 (1® z))U, z\ = w 2 ®h'$(l®z) and (e 15.54) 

Length({z t }) < e/8. (e 15.55) 

Similarly, by l|e 15.42|1 . we obtain two continuous paths of unitaries {Vx t t ■ t £ [0, 1]} 
of A such that 

Vi,o = u, V^o = v, Vi,i =Wi® tiPi, Length({Vi it }) < e/8 and (e 15.56) 
||V<, t -l|| < e/8. (e 15.57) 

Define Ut as follows 

Vi,4t if t£ [0,1/4]; 

wi © 7r 4(t _ 1/4) $i(l ®z) if t G (1/4, 1/2]; 
= J ^h/j)^®*!^*))^*-^) if t 6(1/2,1]; 

*2(t-i) if *e (1,3/2]; 

w 2 © 7r 4(7/4 _ t) o $ 2 (1 ® z) if t 6 (3/2, 7/4]; 

l^ 2 ,4(2-t) if t 6 (7/4, 2]. 
Define ff x : C{X) -> A by 

f/iiffiTroo^ilcf^g,! if* 6 [0,1/4]; 

7r t o iJj = i ^ © 7r 4(t _ 1/4) o $i| c( x)®i if « € (1/4, 1/2]; 

[adC/ 2(4 _ 1/2) o(V 1 ©$ 1 | c , (x)81 ) ifte (1/2,1]. 

and define H 2 : C{X) -> C([0, 1], A) by 

'/i 2 ©4o ifte [1,3/2]; 

7T t o # 2 = ^ h' 2 © 7r 4(7/4 _ t) o * 2 |c(X)(8i i f t £ (3/2, 7/4]; 

^©7r o$ a |o(X)®i ifte (7/4, 2]. 
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We compute that 

Length({u t }) < e/8 + tt + 2?r + e/8 + tt + e/8 < 4tt + e, 



(e 15.58) 



Length({7r t o Hi : t g [0, 1/2]}) < e/8 + X P (X) + e/4 and (e 15.59) 
Length({ 7 r t off 1 [1/2,1]}) < 2tt + — 6 (e 15.60) 




Therefore (by UTS) 



Length({vr t o i^}) < L p {X) + 2-kL{X) + e/2. 



(e 15.61) 



Moreover 



Length^ o H a }) < L P (X) + e/4. 



(e 15.62) 



It follows from (|e 15.53|) , (|e 15.57(1 . (|e 15.42[) and the construction that 
|| [tt* o iy x (/), zi t ] || <e for all / g T and tg [0,1], 



(e 15.63) 



and 



||[>rt o ff 2 ,u 1+t ]|| < e for all / g T and f g [0,1]. 



(e 15.64) 



It is then easy to check that {u t : t g [0, 2]}, H\ and H2 meet the requirements. 



The following is an improved version of the original Super Homotopy Lemma 
of [2] for purely infinite simple C*-algebras. One notes that length of {Ut} and 
that of {Vt} are considerably shortened. 

Corollary 15.3. For any e > 0, there exists S > satisfying the following: 
Suppose that A is a unital purely infinite simple C* -algebra and U\, 112, v\, V2 £ U(A) 
are four unitaries. Suppose that 

\\[ui, «i]|| < 5, \\[u2,v 2 }\\ < (5, 

[ui] = [u 2 ], [vi] = [v 2 ] and botti(ui,vi) = botti(u 2 , v 2 ). 

Then there exist two continuous paths of unitaries {Ut : t g [0, 1]} and {Vt : t g 
[0,1]} of A such that 

U = ui, Ui = u 2 , Vq = vi, Vi=V2, 
\\[U u V t ]\\ < e for all t g [0,1] and 
Length({U t }) < 4tt + e and Length({V t }) < 4tt + e. 
Moreover, if sp{u\) — sp{u 2 ) = S , then the length of {Ut} can be shortened to 



Proof. When sp(u\) = sp(u 2 ) = S 1 , the corollary follows immediately from 
Theorem 1 15. II Here X — S 1 . The subset T should contain lc(X) an d z. Note that 
the function z has the Lipschitz constant D z — 1. Note also that if we take {ut} for 
{Vt} and Ut = itt H(z® 1), then the pair will almost do the job. It is standard to 
bridge the ends of the path to u\ and U2 within an arbitrarily small error (both in 
norm and length). 

For the general case, we apply Theorem 1 15. 2 1 Note again that it is standard to 
bridge the the arbitrarily small gap between two paths of unitaries. □ 



□ 



27T + e. 
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16. Super Homotopy Lemma — finite case 

Lemma 16.1. Let X be a finite CW complex and T C C(X) be a finite subset. 
Let e > and 7 > 0, there exits S > and a finite subset Q C C(X) satisfying the 
following: 

Suppose that A is a unital separable simple C* -algebra with tracial rank zero 
and that h : C(X) —> A is a unital homomorphism and u 6 A is a unitary such 
that 

\\[h(g),u]\\ <5 for all g G Q. (el6.1) 

Then, there is a projection p € A, a unital homomorphism hi : C(X) — > (1 — 
p)A(l — p), a unital homomorphism $ : C(X ® S 1 ) — ► pAp with finite dimensional 
range and a unitary v € (1 — p)A(l — p) such that 

||«-«ffi*(l®«)|| < e, ||[«, hi(f)]\\ < e, 

\\Hf)-(hi(f)®Hf®l))\\<e (el6.2) 

for all f € T and 

r(l-p) < 7 for all r E T(A). (el6.3) 

Proof. Let e > 0, 7 > and a finite subset T C C(X) be given. We may 
assume that lc(x) £ 3~ ■ 

Let 8 > and a finite subset C C(X) be as required bv 15.41 corresponding to 
e/4 and 7/2 and .Fi. 

We may assume that T C G and 6 < e/16. 

Let r/i = o'x,e/S2,J : - We may assume that 771 < 1. Now suppose that h and u 
are in the statement of the lemma for the above 6 and Q. Suppose that F C X is 
the spectrum of h. 

Let {xi,X2, ■ £„} C F be an 77i/4-dense subset. Suppose that Oi n Oj ; = for 
7 / J, where 

Oi = {x e X : dist(x, a;,) < ?7i/2s}, 7 = 1, 2, 71, 

where s > 1 is an integer. 

Let <?i € C(X) be such that < gi(x) < 1, g%(x) — 1 if a; £ 0(xi, 771 /4s) and 
<?i(a:) = if x $ Oi, i = 1,2, 77. 

Put fi = f U {(7^ : z = 1, 2, 77} and put 

Qi = 0(xi,77i/4s), 7 = 1,2, ...,n. 

Let 

inf{Airofc(Q ( ) : t e T(A),i = 1,2, ...,77} > (el6.4) 

for some a\ < I /2s. 

Since F is compact, there are finitely many 7/1, 7/2, yx € -F such that 

uf =1 0(7/ fe)? 7i/4)DF. 

Denote Sl^fiel: dist(x, yk) < 771/4} and 

y = u£ =1 n fc . 

Then y is a finite CW complex and F C Y C X. Moreover, {xi, X2, x n } is 771/2 
-dense in Y. Let s : C(X) — > C(y) be the quotient map and let h : C(Y) — > A be 
such that ho s = h. Put 

Oi = {y G y : dist(x i; 77) < ?7i/2s}, 7 = 1,2, ...,n. 
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Choose an integer L such that 1/L < 7/2 and let 02 = 2(1X1) • 

Let 5i > and Gi C C(Y) be a finite subset and P C K_(C(Y)) be a finite subset 

required by 1 1 3 . 61 corresponding to e/2, s(T), a% (and 771) above. Let G2 C C(X) be 

a finite subset such that s(^a) 3 £1. 

Let (52 = min{4^, CT2 2 1?1 }. We may assume that 

[ii]|-p = [L2WV 

for any pair of ^-^l-multiplicative contractive completely positive linear maps 
L X ,L 2 : C(Y) -> A provided that 

L\ ~s 2 L 2 on Gi- 

By applying 15.41 there is a projection q € A and a unital homomorphism 
^ : C(X(K)S' 1 ) — » gAg with finite dimensional range and a unitary w G (1— g) 
such that 

vi e*(l®z)|| < e/2, (el6.5) 

\\h(f)g(u) - ((1 - q)h(f)g{u)(l - q) 8 *(/ 8 < e/2 (e 16.6) 
for all f £ Fi and g (z S, where 5* = {lc(si), z}, and 

t(1 - g) < 7/2 for all r G T(A). (e 16.7) 

Moreover, 

WHf) - ((1 - q)h(f)(l -q) + *(/ ® 1))|| < J 2 /2 and (e 16.8) 

||[(l-p), <<y 2 /2 for all /G0 2 . (el6.9) 

In particular, (1 — <?)/i(l — <z) is <52/2-^2-multiplicative. 
We may write 

m ra(fc) 

*(/ ® .9) = E(E ( e 16 - 10 ) 

fc=l i=l 

for all / € C(X) and 5 e C^S* 1 ), where £ X, ffej G S* 1 and where {gfej : k,j} is 
a set of mutually orthogonal projections with JXk=i TXj=i 1k,j = Q- 

For each j and k, there are mutually orthogonal projections Pk,j,U i = 1,2, ...,L+ 
1 in A such that 

L + l 

Qk,j = ^2pk,j,i, \pk,jA = \Pk,j,i], (el6.ll) 
1=1 

I = 1, 2, L and [p/sj,i+i] < [Pfe,j,l]- This can be easily arranged since A has tracial 
rank zero but it also follows from 19.41 

Put p ktj = Yt,t=2 Pk,j,l> 3 = 1,2, :.,n(k) and k = 1,2, ...,m and put 

*i=i j=i 

Define $ : C*(X x S 1 ) -> by 

*(/) = E E ffa)9(tkj)Pkj for all / G C(X) and .9 e C(5 X ) (e 16.12) 
k=i j=l 
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and define ip : C(X) -► (1 - p)A(l - p) by 

n n(k) 

i>{J) = (1 - q)h(f)(l -q)+J2 /(&)(£ PW.O ( e 16 - 13 ) 

fe=l j=l 

for all / G C(X). Note that tp is 5 2 /2-£i-multiplicative. Define Vi : C(Y) -> 
(l-p)A(i-p) by 

^(/) = (i - g)ji(/)(l /(**)(£ (e 16-14) 

fe=i j=i 

for all / G C(Y). 

Define : C(Y) -► pAp by 

<k/) = £/(**)(£ pm) 
fc=i j=i 

for all / G C(Y). Write Y = U k n =1 Y k , as a disjoint union of finitely many path 
connected components, where each Y k is a connected finite CW complex. Write 
Z k = Y k \ {yk}, where y k € Y k is a point. 
Note that 

[4>\c {u k z k) ] = in KL(C (U k Z k ),A). (e 16.15) 

Let Ek G C(Y) be the projection corresponding to Yk, k= 1,2,..., to. It follows l4~2l 
that there is a unital homomorphism ft o : C(Y) — > (1 — p)-A(l — p) such that 

[^oo|co(u fc z fc )] = [h\c (u k z k) ] in KXfCoO'xM) (e 16.16) 



and 

[hoo(E k )} = [tpi(Ek)} in K (A),k = 1,2, ...,m. (e 16.17) 
It follows from (|e!6.8|) that 

Nb = Wb. (e 16.18) 
On the other hand, by (je 16. 8[) again, 

IIM/)- W/)-*(/®l))ll<fc/2 for all feG 2 . (e 16.19) 
We estimate, by (|e!6.19j) and (|e 16.4j) that 

r(Vio*(ft)) > r(M5i))-r(0(a(5i)))-i2/2 (e 16.20) 

> - -L + i - " 4(T+i) ( e16 - 21 ) 

> ifiM-^- (el,22) 
^-2^1) ) 

i = 1, 2, n. It follows that 

Mrov^ (Oi) > o-2 • ?/i for all r G T(A), (e 16.25) 
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i = 1, 2, n. Therefore 

Mto^(Oi) > a 2 -r)i for all t £ T((l - p)A(l - p)). 

By applying 113.61 to ipi, we obtain a unital monomorphism hi : C{Y) — > (1 — 
p)A(l — qp) such that 

i>\ ~ e /2 ^i on s (^ r )- (e 16.26) 

Define h\ — h\o s. Then (|e 16.26j) becomes 

ip ~ £ / 2 /ii on J 7 . (e 16.27) 

It follows from (|e!6.27p and (|e!6.8[) that 

/i« 6 hi ©$ on JF. (e 16.28) 

Put v — vi 5^fc=i Ej=i tk,jPk,j,i- It is a unitary in (1 — p)A(l —p). Moreover, 

\\u-v® $(1 <g) z)|| < e. 
The other inequality in (|c 16. 2[) also follows. Finally, 

m 

r(l-p) = r(l-g)+T(££> fcjil i) (e 16.29) 

fe=i i=i 

1 

< 7 /2+- < 7 (e 16.30) 

for all r G T(A). 

□ 

Theorem 16.2. Let X be a connected finite CW complex, let e > and T C 
C(X) oe a finite subset. Then, there exists S > and a finite subset Q C C(X) 
satisfying the following: 

Suppose that A is a unital separable simple C* -algebra with tracial rank zero 
and suppose that /ii,/i2 : C(X) — * A are two unital homomorphisms such that 

[hi] = [h 2 ] m KL(C(X),A) and (e 16.31) 

if there are unitaries u,v € A such that 

||[M/),u]|| < 5 > IIM/).«]II<* for a11 /65 and (e 16.32) 
Bott(hi,u) = Bott(h 2 ,v) (e 16.33) 

then there exist a unital homomorphism Hi : C{X) — > C([0, 1],A) (i — 1,2J and 
continuous rectifiable path {u t : t € [0, 2]} suc/i i/ia£ 

no = u, U2 = v, ttq o Hi ~ e /ii, 7Ti o Hi « e ^o ° #2 and tti #2 ~e h 2 (e 16.34) 

on T , and 

\\[u t , n t o Hi(f))\\ < e and || [u t+ i,n t oH 2 (/)] || <e (e 16.35) 



no 
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for all t € [0, 1] and for all f € T. Moreover, 



Length({7r t o Hi : t £ [0, 2/3]}) < L{X) + e/2 
Length^ o E x : t e [2/3, 1]}) < 2tt + — 




(e 16.36) 
(e 16.37) 



Length({7r t o Hi}) < L(X) + 2-kL{X) + e, 



(e 16.38) 
(c 16.39) 
(e 16.40) 



Length({7r t o H 2 }) < L(X) + e and 
Length({u t }) < 4tt + e. 

Proof. Let e > and T c C{X) be a finite subset. Let 



We may assume that T is in the unit ball of C(X). 

Let r7i = o-x,e/32,F and r\ 2 = min{f7 X xs 1 ,e/32,^ 1 , r)i}. Let {xi,x 2 , —,x m } be an 
?7i/4-dense in X. Let {ti,t 2 , ■ ■■,£;} be I points on the unit circle which divides the 
unit circle into I even arcs. Moreover, we assume that Smn/l < min{e/4, 772/2}. 
Choose s > 1 such that 0(X{ x tj) n 0(av X tj/) = if i ^ i' or j 7^ j', where 

0(xi x tj) — {x x t £ X x S 1 : dist(x,Xi) < ?/i/2s and dist(t, tj) < n/sl}. 

Choose < o~i < l/2mlr]2 and o~i < l/2s. 

Let Qi C C^xS 1 ) be a finite subset, Si > 0, 1 > 7 > and 7> C I(C(Ix S* 1 )) 
be as required by Theorem 4.6 of |32j corresponding to e/4, JFl and oi above. 
Let Pi c K(C(X)) be a finite subset such that 



Letr 2 =VU{(id-p)(V),p(V)}. 
We may also assume that 

[^l]|P2 = [^2]|p 2 

for any pair of (5i-C/i-multiplicative contractive completely positive linear maps 
Li,L 2 : C(X x S 1 ) -> A, provided that 



Without loss of generality, we may assume that Si < sin(e/4) and we may 
assume that Qi = Q[® S, where Q[ C C{X) 1 where S — {l C (s 1 )7 z }- Moreover, we 
may assume that both sets are in the unit balls of C(X) and C(S 1 ), respectively. 

Without loss of generality, we may also assume that 7 < 1/2. Let S 2 > ( in 
place of 5) and Q 2 C C(X) (in place of Ti) be a finite subset required by 12.81 for 
Si/2 (in place of e) and Q[ (in place of !Fq). We may assume that S 2 < Si/2 and 



Let S > and G3 C C(X) be a finite subset required in 116. II for 8 2 /2, 7/4 and 
Q 2 . We may assume that Q 2 C G3 and S3 < S 2 /2. 
Let g = g 3 U T. 

Now suppose that 



0(Vi) D f3(V). 



Li ««5i L 2 on Qi. 



Q'i c 



\\[u,hi(g)}\\<6 and || [«,/*($)] || < 5 (e 16.41) 

for all g £ Q and 

[/ii] = [h 2 ] in KL(C(X), A) and Bott(/ii,u) = Bott(/i 2 ,u). (e 16.42) 
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In particular, 

Bott^iju)!^ =Bott(/i2,t>)|7v (e 16.43) 

By applying 116. 1[ we obtain projections pi G A and unital homomorphisms 
h\ t i : C(X) —¥ (1 —pi)A(l — pi), unital homomorphisms : C(X x S 1 ) — > PiApi 
and unitaries w[ G (1 —pi)A(l — pi) such that 

\\u - wi 8 $i(l ® 2)|| < 5 2 /2, ||v - w 2 9 $ 2 (1 ®z)\\ < S 2 /2, (e 16.44) 

\\[wi, hi(f)]\\ < 6 2 /2 and h t ~s 2 / 2 fti.i © <fo on C/ 2 , (e 16.45) 

where 4>i(f) = ® 1) for / G C{X), i = 1, 2. Moreover, 

t(1 — pi) < 7/4 for all r 6 T(A), £ = 1,2. (e 16.46) 

Using Zhang's Riesz interpolation as in the proof of !5.9( we may assume (by replac- 
ing 7/4 by 7/2, if necessary, in (|e 16.45P ) that 

bi] = N- 

Define #:C(XxSV PiM by 
m I 

* (0) (J) =EE/^)sfe) e 'J for a11 f e °W and «? g CiS 1 ), 
k=ij=i 

where {e^j '■ k,j} is a set of mutually orthogonal projections in p\Ap\ such that 

r(e fcj -) > ^"f^ > <ri ■ ry 2 for all r G T(A). (e 16.47) 

2ml 

(i=l,2). 

It follows from 15.81 that there is unital commutative finite dimensional C*- 
subalgebra C PiApi which contains the image of $i(C(X x S 1 )) and a set of 
mutually orthogonal projections eg such that 

[eg] = Kj], fc = l,2,...,m,j = l ! 2,...,/, (e 16.48) 

and i = 1,2. 

Define * ,« : C(Jf xS 1 )-* by 

*<>,<(/ ®ff) = EE /(^)-9fe)eg (e 16.49) 

fe=i j=i 

for all / G C(X) and 5 G C(S' 1 ). 

By 112.111 there is a unital homomorphism H[ : C(X) — > C([0, 1],-B,) and a 
continuous path of unitaries tti^t : £ G [0, 1] in PiApi such that 

u>i,o = $i(l®z), ^i,i = *o,i(l® z), (c 16.50) 

7T o = <g> 1),tti o H[{J) = 9 ,i(f ® 1) and (e 16.51) 

[7r t o ff|(/), iu i)t ] = for all t G [0, 1] and for all / G C(X), (e 16.52) 
i = 1,2. Moreover, 

Lenghth({vr t o H-}) < L(X) + e/2 and Lcngth({w M }) < n, (e 16.53) 
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From (|e 16.44[) and (je 16.451) . by applving l2.8| we obtain a 8i/2-Q[ -multiplicative 
contractive completely positive linear map i$>\ : C(X x S 1 ) — > A such that 

H(f ® ff) - < *i/2 (e 16.54) 

for all f £ Q[ and g e S, i = 1, 2. Define ^ : C(A~ x S* 1 ) — > A by 

Mf ® ff) = $(/ © ff) © *o,i(/ © 3) (e 16.55) 

for all / G C(A") and g G C(5' 1 ). Moreover, by the fact that [ Pl ] = [p 2 ], (le 16.421) . 
(|e 16.430 . (je 16.440 . (|e 16.450 and He 16.480 . we compute that 

[ipi]\v = [H\v- (e 16.56) 

Bv lel6.47|) . (|e 16.491) and (|e 16.480 . 

Hro^{0{x k x ij)) > cr 2 ■ 772 for all r G T(A), (e 16.57) 

fc = 1,2,.., rn, j = 1,2, and i = 1,2. Furthermore, since [e£^] = [ej^], /c = 
1, 2, to, j = 1, 2, Z, we compute that 

|to^ 1 (/)-to^ 2 (/)|< 7 for all / G Q\. (e 16.58) 

Now, from the choice of 8\, 7, Gi, by applying Theorem 4.6 of [32] , we obtain a 
unitary U £ A such that 

ad U o w 6 m ^2 on -^i- (e 16.59) 

There is a continuous path of unitaries {Ut : i G [0, 1]} such that 

U = 1, ETi = C/ and Length({C7 t }) < tt + — -^tt - (e 16.60) 

4(1 + -L(A)) 

Define iJi : C{X) -» C([0, 1], A) by, for / G C(A), 

|Xi(/)©<M/) if tG [0,1/3]; 

t* ° = \ hi,x(f) © 7r 3(t _ 1/3 ) ° H[{f) if t G (1/3, 2/3]; (e 16.61) 

l^3(t-2/3)*(V(/) © *0,l(/ © l))^3(t-2/3)if * € (2/3, 1] . 

Define H 2 : C*(A) -> C([0, 1], A) by 

\/ii, 2 ©02 if te (1/2,1]. 1 7 

Then, by (|e 16.450 and (|c 16.590 . 

7r o Hi w e h\, 7Ti o iJj ?a e 7r o iJ 2 and 7i"i o iJ 2 ~ e ft-2 (e 16.63) 

on T . Moreover, by (|e 16.530 and (|c 16.601) 



Length({7r t o H x : t G [0, 2/3]}) < L(A*) + e/2, (e 16.64) 

Length({ 7 r t oH 1 :fG [2/3,1]} < 2tt + 6 (e 16.65) 



and 



Length({7r t o H 2 }) < L(X) + e. (e 16.66) 

So, byQUI 



Length({7r f o # x }) < L(X) + 2nL p (X) + e. (e 16.67) 

By (|e 16.440 . since Si < sin(e/4), there is G A s o with ||o,|| < e/4 such that 
u*(wi © $i(l <g> z)) = exp(iai) and w*(w2 © $2(1 © z)) = exp(ia2). 
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Define 



it exp(i3tai) 

Wl © U>l,3(t-l/3) 

U 3(t-l/3) ° ( W l ® ^l,l)^3(t-l/3) 



iff 



if t 



iff 




(e 16.68) 



Wl © W 2i2 (3/2-t) 

vexp(i2(2 — i)a 2 ) 



iff 



iff 



Then 



uq = u, U2 = v and 
Length({w t }) < e/4 + tt + 2tt + tt + e/4 



47r + e/2. 



We also have 



||[ut,7r t o.H 1 (/)]|| <e for all /e 



and 



||[u t+ i,7r t off 2 (/)]|| <e for aU / € T 



for f £ [0, 1 



□ 



We obtain the following improvement of original Super Homotopy Lemma in 
the case that A is a unital separable simple C*-algebra of tracial rank zero. 

Corollary 16.3. For any e > 0, there exists 5 > satisfying the following: 
Suppose that A is a unital separable simple C* -algebra with tracial rank zero 
and Ui, u 2 , i>i, v 2 £ U(A) are four unitaries. Suppose that 



Then there exist two continuous paths of unitaries {Ut : t £ [0, 1]} and {Vt : t £ 
[0,1]} of A such that 



Remark 16.4. As stated in [2], the Basic Homotopy Lemma is not a special 
case of the Super Homotopy Lemma. It mentioned not only the estimate on the 
length of the paths but more importantly, the presence of two paths of unitaries in 
the Super Homotopy Lemma. But in the Basic Homotopy Lemma it is essential to 
keep one unitary fixed. In our cases also, in the Basic Homotopy Lemma, the map 
h remains fixed in the homotopy while [T5T21 and 1X6721 allow a path from hi to hi- We 
would point out that beside the obvious difference in appearance of paths and the 
estimates of the length of paths, one additional essential difference appears: In the 
finite case, the constant 5 in the Super Homotopy Lemma 1 16. 21 is universal while in 
18-31 <5 depends on a measure distribution which as shown in !9.5l can not be universal. 
This phenomenon does not occur in the case that X is one-dimensional. This again 
shows the additional difficulties involved in the Basic Homotopy Lemma for higher 
dimensional spaces X. Moreover, in the Basic Homotopy Lemma, h is assumed to a 
monomorphism and it fails when h is not assumed to be monomorphism whenever 



|| [tti, «i]|| < (5, || [«2, «2]|| < S, 
[ui] = [u 2 ]: [vi] = [v 2 ] and botti(ui,vi) = botti(u 2 , v 2 ). 



U = ui, Ui = u 2 , V = vi, Vi=V2, 
\\[U t ,V t }\\ <e for all t£ [0,1] and 
Length({U t }) < 4?r + e and Length({V t }) < 4tt + e. 
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dimX > 2. However, in both 115.21 and 116. 2\ hi and hi are only assumed to be 
homomorphisms . 

On the other hand, there are additional burden to connect two homomorphisms 
h\ and hi as well as two unitaries while the Basic Homotopy Lemma considers only 
one unitary and one monomorphism. It should be noted that the Super Homotopy 
Lemma does not follow from ll4.2l or ll4.3l since n t oHi there is not a homomorphism 

It is also important to note that even in the case that L(X) — oo, Theorem ll3.il 
MM MM MMn MM MM MM MM MM MM and MM remain valid. However, 
the lengths of these homotopy may be infinite. 



CHAPTER 6 



Postlude 

17. Non-commutative cases 

Definition 17.1. (i) Let X be a compact metric space, let r be a positive 
integer and let A = M r (C(X)) — C(X, M r ). Denote by tr the standard normalized 
trace on M r . Let r S T(A). Then there is a probability Borel measure v such that 

r(f) = / tr[f)dv for all / e C(X,M r ). 
J x 

Define \i T = rv. 

Suppose that B is a unital C*-algebra and h : A — > B is a unital homomor- 
phism. Let {e^j} be a system of matrix unit for M r . Identify e% t i with the (con- 
stant) rank one projection in A. Then e\ t \Ae\.\ = C(X), Suppose that t € T(B). 
Let t = toh. Define /ii = /i| ei lAei t . Define ti(/) = rrohi(f) for / 6 C(X). Then 
ri is a tracial state of C(X). The associated measure is \i r . 

(ii) Suppose that X is a connected finite CW complex with covering dimension 
d. Let A = PM m {C(X))P : where P is a rank fc (< to) projection in M m (C(X)). 
Let r S T(A). Denote by tr the standard trace on Mfe. Then there exists a Borel 
probability measure v on X such that 

r(f) = [ tr{f)dv for all f E A. 
Jx 

Define /i T = kv. 

Let -B be a unital C* -algebra, and let h : A — > i? be a unital homomorphism. 
There is a projection e e M(J+i(j4) such that e + 1a is a trivial projection on X 
(see for example 8.12 of [15]). Therefore (e + l A )M d+ i(A)(e + U) = M r (C(X)) 
for some integer r > 1. Let t = ( fc ^ r | _ 1 ^ ) )(r(8irr), Tr is the standard trace on M^+i- 
Then i gives a tracial state on M r (C(X)). Using notation in (i), the measure fj, t on 
X is same as fj, T defined above. 

(iii) Let X be (not necessary connected) finite CW complex with finite covering 
dimension and let A = PM m (C(X))P, where P is a projection in M m (C(X)). Then 
one may write X = \J^ =1 Xi, where each Xi is a connected. So we may also write 
A = ®i =l PiM m(k) {C[Xi))Pi, where Pi G M TO(i) (C(JQ)) is a rank r{i) projection. 
Put At = P i M rn{k) (C[Xi))P i , i = 1, 2, fc. Suppose that r S T(A). Put a; = r(P») 
and Ti = {1/ ai)r\Ai - By applying (ii), one then obtains a probability Borel measure 
fi Ti on Xi. For any Borel subset S C X, write S 1 = U^ =1 Si, where each Si € Xi is a 
Borel subset. Define fi T by 

/i r (5) = y^aifir^Si) 

i=l 

for all Borel subset S C X. 
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Lemma 17.2. Let X be a compact metric space and let A = M r (C{X)), where 
r > 1 is an integer. Then, for any e > 0, any finite subset T C A and map 
A : (0,1) — > (0,1), there exists 6 > 0, a finite subset Q C A and a finite subset 
V C K(A) satisfying the following: 

Suppose that B is a unital separable simple C* -algebra with tracial rank zero, 
h : A — > B is a unital monomorphism and u £ B is a unitary such that fX T oh * s 
A-distributed for all r g T(B), 

\\[h(a),u]\\ < 8 for all aeG and Bott(h,u)|p = 0. (el7.1) 

Then, there exists a continuous rectifiable path of unitaries {ut : ( £ [0,1]} of B 
such that 

uq = u, Mi = 1b and || [h{a), u t ]\\ < e for all a S T and t G [0, 1]. (e 17.2) 
Moreover, 

Length({u t }) < 2tt + e. (e 17.3) 

PROOF. Let e > and T C M r (C(X)) be given. There is a finite subset 
T\ C C(X) such that 

F c {(gi,j) ■ gi,j e 

Let Si > 0, Q x C be a finite subset and Pi C K(C(X)) = K(A) be a finite 

subset as required by 18. II associated with e/2, .Fi and A. We may assume that 

[Li]\v = [L2\\v 

for any pair of <5i-^i-multiplicative contractive completely positive linear maps 
L\,L% : C(X) — > A, provided that 

L\ ««5i L2 on Si. 

We may assume that 5\ < e/2. 

Let 62 > and £2 C A be a finite subset required by 12.81 for Si/2 and t/i. We 
may assume that 62 < min{(5i/2, e/2} and C/2 3 Gi U Fi. 

Let {e^j : i,j — 1,2, ...,r} be a system of matrix unit for M r . 

It is easy to see that there is S > and a finite subset G C A satisfying the 
following: if B is a unital C*-algebra, if h' : A — > B is a unital homomorphism and 
if it G £> is a unitary with 

\\[h'(f),u}\\<5 for all / G G, 
then, there exists a unitary v £ B such that 

||«-«|| <fc/2, fc'(e M )u = u/i'(ei,i) and \\[ti(g),v}\\ < 5 2 /2 
for all / € G3, where 

G 3 ={(g ij ) G M k (C(X)) : g id G ^ 2 }. 

Suppose that h : A — > i? is a monomorphism and u G A is a unitary satisfying the 
conditions in the lemma with (5 and G as above. Define /ii : C(X) — > ft,(ei ! i)_B/i(ei ) i) 
by hi = h\ ei 1 Ae- L i- Then. [531 applies to /ii and ei^wei^. 

One sees that we reduce the general case to the case that r = 1. 

□ 
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Lemma 17.3. Let X be a compact metric space and let A = M r (C{X)), where 
r > 1 is an integer. Then, for any e > 0, any finite subset T C A, there exists 
5 > 0, a finite subset Q C A and a finite subset V C K(A) satisfying the following: 

Suppose that B is a unital purely infinite simple C* -algebra, h : A — > B is a 
unital monomorphism and u £ B is a unitary such that 

|| [h(a),u] || < 8 for all a^Q and Bott(h, u)\v = 0. (el7.4) 

Then, there exists a continuous rectifiable path of unitaries {ut : f £ [0,1]} of B 
such that 

u = u, ui = and \\ [h(a), u t ]\\ < e for all a G T and t G [0, 1]. (e 17.5) 
Moreover, 

Length({u t }) < 2tt + e (e 17.6) 

Proof. The proof of this lemma is almost identical to that of 117.21 We will 
apply ECUS □ 

The essential significance in the following lemma is the estimate of the length 
of {v t }. It should be noted that the proof would be much shorter if we allow the 
length to be bounded by 2L + e. 

Lemma 17.4. (1) There is a positive number S (with 1/2 > S > 0) and there 
is a function rj : (0, 1/2) — > M+ with lim^o — satisfying the following: 

Let B be a unital C*-algebra and {it* : t € [0, 1]} be a path of unitaries with 
Hi = 1 such that 

Length({u t }) < L. 
Suppose that there is a non-zero projection p £ A such that 

|| [tit, j>] || < 5 for all t G [0,1]. 
Then there exists a path of unitaries {vt : t G [0, 1]} C pAp and there exist partitions 
= to < t\ ■ ■ ■ < t m = 1 and = sq < s% ■ ■ ■ < s m = 1 

such that 

8 

\\pu u p - v Si || < i = 1, 2, m, vi=p and 

yl — o 

Length({v t })<L+(7L V (S)), 

where m = \—\ + 1. 

L 7T J 

(2) For any e > and any M > 0. There exists S > satisfying the following: 
Let B be a unital C*-algebra and {u t : t G [0, 1]} be a path of unitaries with 
u\ = 1 such that 

Length({u t }) < L. 

Suppose that there is a non-zero projection p G A and a self-adjoint subset Q C pAp 
with p G Q and ||a|| < M for all a G Q such that 

|| kit, a] || < S for all t G [0,1]. 

Then there exists a path of unitaries {v t : t G [0, 1]} C pAp such that 

\\pu p- v \\ < e, vi =p, 

\\[v t ,a]\\ < e for all a G Q and 

Lengh({w t }) <L + e, 
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PROOF. The proof is somewhat similar to that of 19.31 Fix M > 0. Put 

S = {e™ t :te [-1/2,1/2]}. 

Denote by F : S — > [—1/2, 1/2] by F(e" rt ) = t. F is a continuous function. Let 

Si = {e^:te [-1/6,1/6]}. 

If Ui and U 2 are two unitaries in a unital C*-algebra A and p G A is a projection 
such that 

|| || <(5, i= 1,2, (el7.7) 

then 

IbC/^pt/^r 1 -?^!! < -==, i = l,2. (el7.8) 

Vl — 

Here the inverse \pUip\~ 1 is taken in pAp. Note that p[/jp|p[/ip| _:L is a unitary in 
pAp. If sp([/it/ 2 ) C Si, then 

lll-C/xJ/H = max{|l - e i7r6 \ : 9 € [-1/6, 1/6]} < 1/2. (el7.9) 

We estimate that 

||p - pE/iplpt/ipr^EMptfapr 1 !! ( e 17 - 10 ) 

< lb - pC/r^H + UpC/i^p-pC/iPlpC/iPl-^PIP^Pr 1 !! 

< 1/2 + l|pI7 x I7ap - j»t7u>t7aPl] + \\pUrpU 2 p - pUMpUipI^pUzpIpUipI^W 

< 1/2 + 5 + 2- -. (e 17.11) 

l — o 

There is So > such that if 8 < Sq, 

c 

1/2 + 5 + 2- < 1. 

l — o 

Thus when 6 < 5 , sp(J7 1 J7 2 ) C Si and when (|e 17. 7j) holds, 

sp(pE/ip|j^ip|- V# IpM -1 ) C 5. (e 17.12) 

Fix M > 0. 

Moreover, by choosing smaller S > 0, when < 6 < 8 and when (|e 17.7|) 
holds, there is a positive number r)(S) (for each S) with 

lim?7(t) = (e 17.13) 

such that 

\\exp(iTrF(pU 1 p\pUip\- 1 pU2p\pU 2 p\- 1 )) - pexp{nTF(UiU 2 ))p\\ < f](S) (e 17.14) 
and at the same time 

HF^f/ipbC/^rV^pb^r 1 ) - pF(l/iC/ 2 )p|| < rj(S) (e 17.15) 

and 

|| [a, ^(p^plp^prV^PlP^Pr 1 )] 1 1 <T)(S), (e 17.16) 

if ||[o,C/i]|| < <5, a e pAp and ||a|| < M (cf. 2.5.11 of 28 and 2.6.10 of [28])- It 
should be noted that 

WFipUipUiplpUip^pl-^W < \\F(UiU 2 )\\ (e 17.17) 

We will use these facts in the rest of the proof and assume that < S < do- 
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Let = to < t\ < ■ ■ ■ < t m = b be a partition so that 

tt/7 < Length({w t : t € [*j_i,i*]}) < tt/6, i = l,2, ...,m, (e 17.18) 

where m = [— 1 + 1. 

L 7T J 

Put Ui = tit 4 and Zj = puip\puip\~ l , where the inverse is taken in pAp. Then 
sp(w*_ 1 Ui) C Si. Define Wi = z*_ x Zi, i = 1,2, ...,to. 
If 



then (by (|e 17.8|) 



\\puip\puip\ 1 -_pui_p|| < 



i = 1,2, m. It follows from (|e 17.1 2|) that 

sp(wj) c 5. 

Moreover by ()e 17.19)) . (|e 17.120 and (|el7.14|) . 

||z i _iexp( v / ^T7ri ;l (w^) -pitip|| 

= cxp( v / ^T7ri ;l (w;i)) - piti_]U*_ 1 'iiip|| 

< \\zi-i exp(\^ln F(wi)) — pui-ipu^UipW + 6 

< \\zi-i exp(V^lnF(wi)) - pu i _ipexp(v / ^l7rF(u> i ))| + rj(5) + 5 



(c 17.19) 
(c 17.20) 



< 



+ r)(S) + 5, i = 1,2, ...,m. 



(e 17.21) 



Vl~5 

Suppose that Q C pAp is self-adjoint such that ||a|| < M for all a G Q. Then, if 
(5 < (5o and if 

|| [o, lit] || < S for all a eG and te [0,1], 

then, by (|e 17.16|) . 

\\[a,F (wi)]\\ <r)(5) for all aeQ. (e 17.22) 

Thus, by (|el7.21j) . (|e 17.13|) and (|el7.20|) . a positive number <5 depending on e, M 
and F only, such that, if 



[a, iij || < 8 for all a e Q and < e [0, 1], 



then. 



||[a,z i _iexp(\/^l7rfF(w l ))]|| <e 
for all t 6 [0, 1] and for all a G G- Let 

Zj = Length({u t : i S [< 4 _i, t,]}), i = 1,2, ...,m. 

Now, define 

t - Si_i 



(e 17.23) 



v = ito, «t = Zj_i(exp(V-l7r- 



Sj - Si-l 

where sq — 0, Sj = X^"=i ^/-^i * — L 2, to. It follows that 



-F(uii))) for all s€ [s^i,Si], 



[a, u t ] || < e for all t € [0,1] 



(e 17.24) 



and for all a G Q. 
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Clearly, if t, t' G a*], then (also using (|e!7.17|l and (|e!7.18|) ) 



||w t - v t , || = || cxp(V^T7r — -F(ii)i)) - exp(\7^l7r 



^))l 




= (L + 7Lr)(5))\t-t'\. 
One then computes that 

||ft - v t >\\ <(L + 7Lri(S))\t - t'\ for all t,t' € [0, 1] 
The lemma follows from the fact that lim^o rj(6) = 0. 



(e 17.25) 



(e 17.26) 



□ 



Lemma 17.5. Let X be a finite CW complex, let F C X be a compact subset 
and let A\ — QM m (C(X))Q, where m > 1 is an integer and Q G M m (C(X)) is 
a projection. Let A — PM m (C(F))P, where P = s(Q) and s : A\ — > A is the 
surjective homomorphism induced by the quotient map C{X) — > C(F). 

Then, for any e > 0, any finite subset T C A and a non- decreasing map 
A : (0,1) — ► (0,1), there exists 5 > 0, a finite subset Q C A and a finite subset 
V C K(A) satisfying the following: 

Suppose that B is a unital separable simple C* -algebra with tracial rank zero, 
h : A —t B is a unital monomorphism and u G B is a unitary such that fi TO h is 
A-distributed for all r £ T(B), 



Then, there exists a continuous rectifiable path of unitaries {ut : ( £ [0,1]} of B 
such that 

uq = u, u\ = 1b and || [h(a), Ut]\\ < e for all a £ J- and t G [0, 1]. (e 17.28) 

Moreover, 



Proof. It is clear that we may reduce the general case to the case that X is 
connected. So we now assume that X is connected. Let d be the dimension of X. 
By 8.15 of [IS], there is a projection e' € M d+1 (QM m {C{X))Q) such that e' + Q 
is a trivial projection. So 



(e + P)M d+1 (C(F))(e + P) S M r (C(F)). 
Note that P = l A . Put C = (e + l A )M d+l {C{F)){e + 1 A ). Note also that 

K{PCP) =K(A). 



If h : A — > B is a unital homomorphism, then it extends to a unital homomor- 
phism hi : Md+i(A) — > M d +i{B). Let h! = [hi)\c- For any Si > and a finite 
subset Qi C A, there exists 62 > and a finite subset C/ 2 satisfying the following: if 
u' G B is a unitary such that 



|| [/i(a), u] I < S for all a£Q and Bott(h, u)|-p = 0. 



(e 17.27) 



Length({u t }) < 2tt + e. 



(e 17.29) 



(e' + Q)M d+1 (C(X))(e' + Q) S M r (C(X)) 
for some integer r > 1. Put e = s(e'). It follows that 



|| [/»(/). "Ill <<*2 for all f£G 2 , 
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then 

\\[h 1 (g),U'}\\<S 1 for all Q[ 

where U' = diag(it', it', ...,u') and where Q[ = {(gi.j) '■ g £ Gi}- In particular, with 
larger Qi, 

\\[1 C ,U']\\<5 1 . 

Thus there is a unitary V £ hi(lc)Bhi(lc) such that 

\\V-hi(lo)U'hi(l ))\\ <2tfi and || V]|| < 4<Si for all 5 £ Q' x H C. 

Let {eij} be a system of matrix for M T and be elements in C = M r (C(F)), 
Therefore, by applying 117.21 and its proof, for any ei > and any .Fi C C(F), 
there is <5 > and a finite subset Q C A and a finite subset V C ^(j4) satisfying the 
following: suppose that /i and it satisfy the assumption of the lemma for the above 
5 and Q and V, there exists a path of unitaries {wt '■ t € [0, 1]} in h! {e\^)Bh' {e\,{) 
such that 

IK -HI <ei/(40 2 , u»i = ci,i, ||[fc'(ff),Wi]||<ei (e 17.30) 

for all i £ [0, 1] and g £ J-[, and 

Length({w t }) < 27T + ei/2, (e 17.31) 

where w is a unitary in ei^Cei^ with 

lh-e M [/' ei all <ei/(2rf, (e 17.32) 

W t = diag(w t , w t , -,w t ) : t £ [0, 1] and 

^ = {(<7i,j) G Af P (C(F)) S C : gtj £ T x }. 

We may assume that P = 1a £ T\. For any finite subset T C A, we may assume 
that T C T[, if ^ is sufficiently large. Note that h'(g)P = Ph'(g) for all g £ C 
(since h commutes with P). Note also that 

Length({W f }) < 2tt + e x /4. (e 17.33) 

With sufficiently small e\ and sufficiently large T\, by applying 117.41 we obtain a 
path of unitaries {vt : t £ [0, 1]} of B such that 

\\v Q - u\\ < e/8, «i=l fl) ||[/i(/),«t]|| <e/2 and (e 17.34) 
Length({%}) < 2tt + e/2. (e 17.35) 

The lemma then follows by connecting vq to u with the length no more than 

e/2. 

□ 

Lemma 17.6. Let X be a finite CW complex, let F C X be a compact subset 
and let A\ — QM rn (C(X))Q, where m > 1 is an integer and Q £ M m (C(X)) is 
a projection. Let A = PM m (C(F))P, where P — s(Q) and s : A\ — > A is the 
surjective homomorphism induced by the quotient map C{X) — > C(F). 

Then, for any e > 0, any finite subset T C A, there exists S > 0, a finite subset 
Q C A and a finite subset V C K (A) satisfying the following: 

Suppose that B is a unital purely infinite simple C* -algebra, h : A — > B is a 
unital monomorphism and u £ B is a unitary such that 

\\[h(a),u]\\ < S for all a£Q and Bott(h,u)| P = 0. (e 17.36) 
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Then, there exists a continuous rectifiable path of unitaries {ut ■ t G [0,1]} of B 
such that 

uq = u, Ui = 1b and \\[h(a) , u t ]\\ < e for all a £ J- and t G [0, 1]. (e 17.37) 
Moreover, 

Length({u t }) < 2tt + en. (c 17.38) 

Proof. The proof is virtually identical to that of 117. 51 but apply [T7~3l instead 
of [1731 □ 

Definition 17.7. Let A be a unital AH-algebra. Then A has the form A = 

lim„^ co (A„, cf> n ), where A n = ®l^> P hn M k ( hn) (C(X lin ))P lin and P i>n G M k ^(C(X it 
is a projection and Xj in is a path connected finite CW complex. For the convenience, 
without loss of generality, we may assume that each <p n is unital. By replacing Xi >n 
by a compact subset of X^ n , we may assume that <p n is injective for each n. 

Let B be a unital C*-algebra with a tracial state r G T'(fl) and -0 : A — * £> 
be a positive linear map. Define r„ by t„ = r o ip o <f> n . Define /i Tn as in (iii) of 
117.11 Let A n : (0, 1) — > (0, 1) be an increasing map. We say that t o tfj is {/i„} 
distributed if /x Tn is A n -distributed. 

Theorem 17.8. Let A be a unital AH-algebra, let e > and T C A be a finite 
subset. Let A n : (0, 1) — > (0, 1) &e a sequence of increasing maps. 

Then there exists 6 > 0, a finite subset G G A and a finite subset V C (A) 
satisfying the following: Suppose that B is a unital separable simple C* -algebra with 
tracial rank zero, h : A — > B is a unital monomorphism, and suppose that there is 
a unitary u € B such that 

\\[h(a),u]\\ < 5 for all f e <?,Bott(h,u)|-p =0 and (e 17.39) 

fJ-Toh is {A n }- distributed for all r S T{B). Then there exists a continuous path of 
unitaries {u t : t € [0, 1]} such that 

uq = u, ui = u, || [h(a), ft] || < e for all f £ T and t S [0, 1]. (e 17.40) 

Moreover, 

IK - ut' II < (2tt + e)|i - i'| /or aZJ t, i' G [0, 1] (e 17.41) 

and Length({u t }) < 2tt + e. (e 17.42) 

Proof. Let e > and T C A be given. Write A = lim„_ <00 (A„, 0„), where 
each j4 n = ©^i™ P ij „M fe ( i ) (C(X^ n ))P iin , where each JT ijn is a connected finite CW 
complex. By replacing -?Q in by one of its compact subset Fi )n , we may write A = 
LS n A n . Thus, without loss of generality, we may assume that T C A n for some 
integer n > 1. We then apply [17751 

Note to get le 17.411 we can either apply 19.31 or state an improved version of 
[T7TTUl bv applying [12] instead oflOl □ 

Corollary 17.9. Let A be a unital AH-algebra, let e > and T G A be a finite 
subset. Suppose that B is a unital separable simple C* -algebra with tracial rank 
zero and h : A — > B is a unital monomorphism Then there exists 5 > 0, a finite 
subset Q G A and a finite subset V G K(A) satisfying the following: Suppose that 
there is a unitary u G B such that 

\\[h(a),u}\\ < 6 for all f G Q and Bott(h,u)| P = 0. (e 17.43) 
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Then there exists a continuous path of unitaries {ut : t £ [0, 1]} such that 

uq = u, u\ = u, || [h(a), Vt]\\ < e for all / £ T and t £ [0, 1], 

IK-^t'll < (2tt + e)jt — 1'| for all t,t' £ [0,1] and 
Length({u t }) < 2tt + e. 

Theorem 17.10. Let A be a unital AH-algebra, let e > and T C A he a finite 
subset. Then there exists S > 0, a finite subset Q C A and a finite subset V C K(A) 
satisfying the following: Suppose that B is a unital purely infinite simple C* -algebra 
h : A — > B is a unital monomorphism and suppose that there is a unitary u £ B 
such that 

||[%),n]|| <6 for all / £ £,Bott(h,u)| P = 0. (el7.44) 
Then there exists a continuous path of unitaries {ut : t £ [0, 1]} such that 

uq = u, u\ = u, \\[h(a),vt]\\ < e for all f £ J 7 and for all t 6 [0, 1] 

and 

\\ut-ut>\\ < (2?r + e)jt — t'| for all t,t' £ [0,1]. 

Consequently, 

Length({u t }) < 2tt + e. 

Proof. The proof follows the same argument used in 117.81 but applying 117.61 

□ 

The additional significance of the following theorem is that, when A is also 
assumed to be simple, the "measure-distribution" is not needed in the assumption. 

Theorem 17.11. Let A be a unital simple AH-algebra. For any e > and 

any finite subset T C A, there exists 5 > 0, a finite subset Q C A and a finite 
subset V C K_(A) satisfying the following: Suppose that B is a unital simple C* - 
algebra of tracial rank zero, or A is a purely infinite simple C* -algebra, suppose 
that h : A —> B is a unital homomorphism and suppose that there is a unitary 
u € B such that 

\\[h{a),u]\\ <S and Bott(h, u)\ v = 0. 
Then there exists a rectifiable continuous path of unitaries {u t : t € [0, 1]} such that 
uq = u, i*i = Is, || [h(a), Ut]\\ < e for all / € T 

and 

\\u t -u t ,\\ < (2ir + e)\t-t'\ for all t,t' € [0,1]. 

Consequently 

Length({u t }) < 2?r + e. 

Proof. We will prove the case that B is a unital separable simple C*-algebra 
with tracial rank zero. The case that B is a unital purely infinite simple C*-algebra 
follows from ll7.TUl 

In the definition 117. 71 let B = A and f) — id a- Then since A is a unital 
simple C*-algebra there is a sequence A n : (0, 1) — > (0, 1) such that r o tfj is {Z\ n }- 
distributed for all t eT(A). 

For any unital C*-algebra B and any t G T(B) and any unital homomorphism 
h:A^B,toh = r for some r £ T(A). Thus t o h is {Z\„}-distributed. In other 
words, once A is known, {/4 ra } can be determined independent of B and h. Thus 
the Theorem follows ELH1 
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□ 

18. Concluding remarks 

18.1. Suppose that X = U" =1 Xi, where each Xi is a connected compact metric 
space. We can define 

L P {X) = max L (Xi), 

^ l<i<n 

L p (X) = max L p (Xi) and 

l<i<n 

L(X) = max L(X, t ) 

l<i<n 

A modification of the proofs of ll3.5l shows that the following version of Theorem 

MM 

Theorem 18.2. Let X be a compact metric space with finitely many path con- 
nected components and let A be a unital purely infinite simple C* -algebra. Suppose 
that hi, hi : C(X) — > A are two unital homomorphisms such that 

[hi] = [h 2 ] in KL(C(X),A). 

Then, for any e > and any finite subset T C C(X), there exist two unital homo- 
morphisms Hi, Hq. : C(X) — ► C([0, 1], A) such that 

7T o Hi w e / 3 hi, ni o Hi w e/3 7r o H 2 and Tt x o H 2 ~ e / 3 h 2 on T. 

Moreover, 

Length ({ir t o Hi}) < L(X)(\ + 2tt) + e/2 and 

Length({7r f o H 2 }) < L(X) + e/2. (el8.1) 

Similar statements also hold for Theorem 113.81 Theorem 113. 91 Theorem 114.11 
Theorem MM Theorem MM Theorem MM Theorem MM and Theorem MM 
For example. 113.81 holds for general finite CW complex X : 

Theorem 18.3. Let X be a finite CW complex and let A be a unital separable 
simple C* -algebra with tracial rank zero. Suppose that %l)i,ip 2 : C(X) — > A are two 
unital monomorphisms such that 

[ipi] = [ip 2 ] in KL(C(X),A). (el8.2) 

Then, for any e > and any finite subset J- C C(X), there exists a unital homo- 
morphism H : C(X) -> C([0, 1], A) such that 

7r o H ~ e ip\ and ni o H sa e ip 2 on T . (e 18.3) 

Moreover, each irt ° H is a monomorphism and 

Length({7r t o H}) < L(X) + L p (X)2i: + e. (e 18.4) 

18.4. One may also define L(X) for general compact metric spaces. There are 
at least two possibilities. One may consider the following constant: 

sup{Length({7}) : all rectifiable continuous paths in X}. 

If X = lim,_ n X n , where each X n is a finite CW complex, then one may 
consider the constant: 

inf sup{L(X„) : n S N}, 
where the infimum is taken among all possible reverse limits. 
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It seems that the second constant is easy to handle for our purpose. However, 
in general, one should not expect such constant to be finite. 

18.5. The last section presents some versions of the Basic Homotopy for AH- 
algebras. It seems possible that more general situation could be discussed. More 
precisely, for example, one may ask if ll7.9l holds for general separable amenable C*- 
algebra A. However, it is beyond the scope of this research to answer this question. 
While we know several cases are valid, in general, further study is required. 

There are several valid versions of Super Homotopy Lemmas for non-commutative 
cases and could be presented here. However, given the length of this work, we choose 
not include them. 

18.6. Applications of the results in the work have been mentioned in the in- 
troduction. It is certainly desirable to present some of them here. Nevertheless, 
the length of this work again prevent us from including them here without further 
prolonging the current work. We would like however, to mention that, for example, 
Theorem 1 1 7 . 81 and Theorem 117.91 are used in [331 . where we show crossed products 
of certain AH-algebras by Z can be embedded into a unital simple AF-algebras. 
It also plays an essential role in the study of asymptotic unitary equivalence of 
monomorphisms ( |34j ) . 
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